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Weekly Learning Outcomes 


1. Explain Digital Systems/Design 

2. Learn the number systems used in digital computers 
(Binary, Octal, and Hexadecimal) and how to convert 
between them 

3. Learn how to perform arithmetic operations on binary 


numbers 


4. Learn how data is represented inHg YAR ААА 


Required Reading 


1. Chapter 1 (Sections 1.1- 1.7) (Digital Design with An 
Introduction to the Verilog HDL, VHDL and System 


Веб пед Reading 
1. Chapter 1 (рр 1-4), Chapter 2, Chapter 8 (John Seiffertt Digital 
Logic for Computing) 


SATIS | 


This Presentation is mainly dependent on the textbook: Digital Design with An Introduction to the Verilog HDL, VHDL and System Verilog by Mano and Ciletti, 


Computers are everywhere 


¢ Digital circuits/processors are found in many forms and many places 





Digital scale 












Personal Computers 





|| | 
Се Healthcare equipment 


https://commons.wikimedia.org/wiki/Category:Digital_electronic_devices 


Digital circuits / Systems 


е а сап be stored and manipulated іп analog and digital forms (more on 
this later 


* In many cases a system takes an input, process it and produce output 


Input data(information) ——= Processing => output data (information) 


• System design involves: 
* Analyzing the problem that the system is trying to solve 


* Selecting the basic building blocks and design principals that help in solving 
the problem 


* Building a schematic of the design 
* Testing the design 
* Digital systems works on information represented as digital signals 


Signals 


* Signals carries information that we are interested in consuming or 
manipulating. 


e A signal is a physical or virtual quantity that varies with time (like 
sound), or space (like images), or another independent variable. 


* Signals can be analog or digital 


Signals 


e Analog signals can have an infinite number of values in a range 
* Digital signals can have only a limited number of values 


Value Value 


a. Analog signal b. Digital signal 


Analog Signals 


Time 


Analog 






"1 in Value 


Continuous in Time 








ontinuous in 
value & time 


Digital Signals 


Ф For digital systems, the variable takes on discrete values (і.е., not continuous) 
* Digital (Binary) values сап be represented by: 

e digits O and 1 

* False (F) and True (T) 

* +5 Volt and 0 «| | {| t. 


Time 


Digital Discrete in 
value 


Either 0 or 5 volts 





e Number Systems and numbers representation 


SEMIS 


Number Systems — Representation 


• А number with radix г is represented by a string of digits: 
А a ыр ama РЕ ge А аг 
іп which 0 < А, < r and “.” is the radix point. 


* The string of digits represents the power series: 


(Number),= а «ХУ a, „) 


j= = - Ш 
(Integer Portion) + (Fraction Portion) 


Decimal Number System 


* Base (also called radix) = 10 
e 10 digits 0, 1, 2, 3, 4, 5, 6, 7, 8,9} 2 1 0 -1 -2 
* Digit Position [5] [1] [2] [7] [4] 


* Integer & fraction 


* Formal Notation (512.74), 
M | 100 10 1 0.1 0.01 
* Digit Weight mau om 
* Weight - (Base) Position ы 
e Magnitude 


* Sum of “Digit x Weight" БВ Bed Bed B 


Octal Number System 


° Base = 8 
e 8 digits { 0, 1, 2, 3, 4, 5, 6, 7 } аг. ке woe 
* Weights [5] Et] (21 e ME 
* Weight = (Base) Position SM л -2 
* Formal Notation 2 [S 
* Magnitude 5*8°+1*8'+2*8°+7*8 '+4*8° 
(330.9375), 


• Sum of "Digit x Weight" 


Octal Number System: Example 


• For Example, 
* (27); can beexpressedas: ( Jo 


e (2x 8!) + (7х 80 )-> (2x8) + (7x1) > 16 +7 = (23),, 
e (17.1); сап be expressed as: ( ЇР 


e (1x 81) + (7 x 8°) + (1x 81) Э 8 +7 +0.125 > (15.125), 


Hexadecimal Number System 


e Base = 16 | | | 1] 

e 16 digits { 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, А, В, С, р, Е, Е} 
* Weights 

* Weight - (Base) Position 256 16 1 1/16 1/256 
* Formal Notation [1] FE] [5] e [71 ГА! 
* Magnitude 2 1 0 -1 -2 


(1Е5.7А),с 
1"16--14"16 +5 *160+7 *16'+10 *16° 
-(485.4765625),, 


• Sum of "Digit х Weight" 


Hex to Decimal 
=» 


* Just multiply each hex digit by decimal value and add the results. 





Position 2 10 


a a “. 


“16 410416 12.16 -/557). 





е Binary Numbers 


ҚУАТ УЛ АУ АРАЛ 


Binary Number System 


е Base = 2 
е 2 digits (0,1), called binary digits or "bits" 4 2 1 1/2 1/4 
* Weights [i] 101 E] e WH 
* Weight - (Base) Position 2 1 0 1 -2 
e Magnitude 1 *2+0 *2'+1 *2+0*2'+1*2? 
• Sum of “Bit x Weight” -(5.25),, 
e Formal Notation 
* Groups of bits 4 bits = Nibble |1 0 1 1| (101.01) 


Bbits-Byte (11000101! 


Binary — Decimal: Example 


7 6 5 4 3 2 1 O position 
27 26 25 24 23 22 21 20 уаше 
128 64 32 16 8 4 2 1 


What is (10011100), in decimal? 
Ї 6 5 4 3 2 1 О position 


1 0 0 1 1 1 0 Q Binary # 
128 +0 + 0 +16+ 8 + 4 + 0 + 0 =(156),, 


Binary Numbers 


* Examples: 


Ч: 


(00)2 > (0)10 

(01)2 > (1)10 
(0000001)2 > (1)10 
(10)2 > (2)10 
(010)2 > (2)10 
(11)2 > (3)10 
(100)2 > (4)10 
(1001010101000)2 


* Strings of binary digits (“bits”) 


* One bit can store a number from O to 1 


e п bits can store numbers from О to 2n-1 


Binary Fractions 


* Like dec, oct, and hex 2! 


Integer Values 


b. Бу 2 “by by b, ha б» Ba Б 
1/2 "i 
Fractional Values 1 1/4 
1/8 
2-1 


decimal number = 2 b, 2* 
к--і 


5111 
- 





Example 1: Binary to Decimal 


Position 2 1 0 -1 -2 
(1 O0 1 . 1 1); 
1x22 + 0x2! + 1x29 + 1x21 + 1x22 


(5 and 3A )1o 


Example 2: Binary to Decimal 


Position 0 -1 -2 -3 -4 -5 -6 
(0 1 1 1 1 1)» 


= | 
Ох29 + 1x2! + 1x2? + 1x23 + 1x24 + 1х27 + 1x29 


(63/64) 10 


Note: (1) Numbers of the form 0.11111..., are just below 1.0 
(2) Short form notation for such numbers is 1.0 - € 


» Base conversion 


ҚУАТ УЛ АУ АРАЛ 


Conversion Between Bases 


To convert from one base to another: 


1) Convert the Integer Part 
2) Convert the Fraction Part 


3) Join the two results with a radix point 


Decimal to Binary Conversion 


45/2 = 22 


Remainder = 1 








Yee 


Binary 


Divide the Decimal number by the base (i.e. for binary divide by 2) .1 
The remainder is used to form the LSB of the binary number .2 
The quotient will be divided again by 2 until the quotient reaches 0 .3 


Decimal (Integer) to Binary Conversion 


Ф Divide the number by the ‘Base’ (=2) 
* Take the remainder (either О or 1) as a coefficient 


* Take the quotient and repeat the division 
Example: (13),, 


Quotient Remainder Coefficient 
13/2- 6 1 aj=1 LSB 
6/2= 3 0 a,=0 
3/2- 1 1 a,=1 
STOP! 1/2= 0 1 a,=1 MSB 


“- Answer” (1 3)40 = (a, а,а, ас)» = (1 101), 
ХХ 


MSB LSB 


Decimal (Fraction) to Binary Conversion 


• Multiply the number by the ‘Base’ (22) 


* Take the integer (either О or 1) as a coefficient 


* Take the resultant fraction and repeat multiplication 
Example: (0.625),, 


STOP! 


Integer Fraction Coefficient 
0.625 *2= 1 . 25 a,=1 MSB 
025 *2= 0. 5 a,=0 
05 *2= 1. 0 аз=1 LSB 


— ЕЕ 
Answer: (0.625), , = (0.a; аъа.з). = (0.101), 


MSB LSB 


Decimal to Octal Conversion 
Example: (175),, 


Quotient Remainder Coefficient 
175/8= 21 7 а,-7 МВ 
21 /8- 2 5 а,-9 
STOP! 2 /8= 0 2 a,=2 LSB 


`— Answer: (175) = (a, a, а). = (257); 
Example: (0.3125),, 


Integer Fraction Coefficient 
0.3125*8= 2 . 5 a,=2 
STOP! 05 *8= 4. 0 а,-4 


Answer:  (0.3125),,2 (0.4, a> a 4), = (0.24), 











=. ш i m m 
n^ f 41 | | сь а uU | Гэ L | | A Ww 
ә @ Є) 1 ( "ТЕ. X 
ни” Ч, Ч ii 1 | a e ы? Ц 1 Ww A 


(684) 
684/16 = 42 rem\12 


42/16 22 rem\10 


2/1620 гет 2 


Hexadecimal (Rase, 1 6); hard to write 


о Use base-16 or hexadecimal - 4 bits 
2nd LSB changes every two clock cycles 
LSB changes every clock cycle 





Why use 
base 16? 


Power of 2% 
Size of byte: 





Hex to Binary 


“ Convention — write Ox (prefix) 





* before number 
* Hex to Binary — just convert digits 


111 
0х2ас (2ас) 


0010 1010 1100 - 


Ox2ac = (001010101100). 


No magic — remember hex digit = 4 bits 





Octal to Binary 





Ф 3-bits required for every Octal number — 
* Octal to Binary — just convert digits 
010 111 011 


(273), = (010111011). 


No magic — remember octal digit = 3 bits 


Binary - Hexadecimal Conversion 
• 16 = 24 


* Each group of 4 bits represents 
a hexadecimal digit 


Example: Pad with Zeros 0100 





Works both ways (Binary to Hex & Hex to Binary) 


Binary to Hex 


* Just convert groups of 4 bits 


($01 0044 01411011). —> 
0101 | 0011 | 0111 | 1011 


| | | | 


5 3 7 b 


(0101001101111011), = 0x537b = (537), 





Octal - Hexadecimal Conversion 


“ Convert to Binary as an intermediate step 
Example: 








(2 6.2) » 
Pad Zeros | | аы 
N / а) 
(010110.010), 


11 1 


Octal - Hexadecimal Conversion 
* Convert to Binary as an intermediate step 





Example: 
(2 6.2), гч 
Pad Zeros Pad Zeros 
0001 0100 





010), 
(1 6 . 4). 


Works both ways (Octal to Hex & Hex to Octal) 





e Binary Arithmetic 


ҚУАТ УЛ АУ АРАЛ 


Addition 


е Decimal Addition 
«—— Carry 


л (д ==“ 


№ = Ten > Base 
= Subtract a Base 


Binary Addition 


* Adding bits: 
e 0+0= 0 
e 0+1= 1 
e 1+0= 1 
e 1-1-11)0 Carry 2 in Binary 


e 1+1+1 ={1)1 carry 3 in Binary 


* Adding integers: 


0 0 0...... 01111 | (1);- (Mo 
+ 0 0 0...... 0} 1/1 | (0), = (б) 





Binary Addition 


е Column Addition 


1 1 1 1 1 Verify the result 
1 1 0 1  2(6D, 
4 1 0 1 1 023), 
1910 10 0 = (84), 
* Recall: > (2) 
$ 1+1=10 


$ 1+1+1=11 


Complements of numbers 


* They are used to simplify the subtraction operation 


* They can be formed іп апу base, we will focus on binary numbers 
system 


• We have 1’s complement and 275 complement 
* For 1’s complement change all О to 1 and all 1 to 0 
* For 2's complement obtain 175 complement and add 1 


Гэ complement example 


1011000 


ИА 


00111 


2’s complement 


1101100 


cry 000011 
Take 1’s complement 00 1 00 1 1 4 


Add 1 1 


0010100 


Subtraction with Complements 


e To subtract N from M (M-N) you need to 
e Take 275 complement of М 
* Add M to the 275 complement of М 


e IfM 2 N a carry will be produced at the end which сап be 
discarded 

e If М < М the result will be negative. The result will be the 2’s 
complement of (N-M) to get it to familiar form take the 2's 
complement of the result and add minus sign 


Subtraction example 


е Given X = 1010100 апа У = 1000011 find X-Y and Ү-Х 


Getting 2’s complement of Y 





Ф First let us find X - Y | | .. 
5 complement 
1111100 Adding 1 14 
X= 1010100 — ee 
0111101 
2 s complement of Y = 0111101+ 
/ 41 Check th 
“10010001 n" 
Х-Ү = 84 - 67 = 17 
= X — Y = 0010001 0010001 = 
1*24 41520 = 


16+1 = 17 


Subtraction example continued 


* Given X = 1010100 and У = 1000011 find X-Y and Ү-Х 


Getting 2's complement of X 


* Now let us find Y-X | 1010100 
0000000 ido es шин” 
Y= 1000011 --- 
0101100 
25 complement of Y = 0101100+ 


Check the answer 





7 3101111 Х-44,Ү-67 

f aul Y-X = 67- 84 = -17 
- (0010001) = 
-(1*2^ +1*20) = 
-(16+1) = -17 


Э Y-X = -(2's complement of 1101111) = - (0010001) 


Binary Codes 


ҚУАТ УЛ АУ АРАЛ 


Binary codes 


* Digital system signals have two distinct values only 


е Information in real world need more than two values to be 
represented more accurately 


* An n-bits binary code is a group of n bits that can have 2^ distinct 
values 


e Numerical values can be represented by directly binary numbers using 
the conversion techniques we discussed in the class 


* Non-Numerical values, such as alphabet characters, needs a mapping 
between distinct bit-group values and the non-numerical values 


Non-numeric Binary Codes 


* Given n binary digits (called bits), a binary code is a mapping from a 
set of represented elements to a subset of the 2^ binary numbers. 


* Example: А 
binary code [Rd | 90 - 
for the seven 
colors of the 
rainbow 


е Code 100 is 
not used 





Number of Bits Required 


• In the previous example (rainbow colors) we used 3 bits and one of the 
values is not used, can we use less bits for representation? 


• The minimum number of bits depends on the number of elements їо be 
represented. 


* Given M elements to be represented by a binary code, the minimum 
number of bits, n, needed, satisfies the following relationships: 


s 2^2M > 2("-1 


e n -| log? МІ where] x | , is called the ceiling function, i.e., the integer 
greater than or equal to x. 


Number of Bits Required (examples) 


e Example: How many bits are required to represent decimal digits with 
a binary code? 


e М = 10, hence n = ceiling (log, 10) = ceiling (3.3219) = 4 
e Checking: 2%-16>10>23-8 


* Example: Given а machine with [off, low power, medium power, high 
power, ultra high power] states how many bits are required to represent 
these states? 


• М = 5, hence п = ceiling (log, 5) = ceiling (2.32192) = 3 
e Checking 23-8>5>22-4 


Binary Codes 


• Group of n bits 
* Up to 2n combinations 
e Each combination represents an element of information 
e Binary Coded Decimal (BCD) 


Ф Each Decimal Digit is represented 
by 4 bits 


e (0-9) = Valid combinations 
* (10 — 15) = Invalid combinations 





Gray Code 


e Only one bit changes from 
one code to the next code 


* Less power consumed since 
transistors go on and off. 


* Different than Binary 


less 


i 


ТЕ 
1110 
1010 
1011 
1001 
1000 


я 
vu 


| 0000 | 
| 0001 - 
| 0010 2 
| 01 | 
| 0100 — 
| 0101 
| 010 | 
| 0 | 
| 1000 _ 
| 1000 - 
| 1010 2 
п 
| под - 
| 1101 
БЕТТЕН 
[ии 





56 


Conversion or Coding? 


* Do NOT mix up conversion of a decimal number to a binary 
number with coding a decimal number with a BINARY CODE. 
e (13), = (1101), (This is conversion) 


e (13)ьсь <> (000110011). (This is coding) 


Advantages/Disadvantages? 


57 


BCD: Advantages/Disadvantages 


e Disadvantage: 
e It is obvious that a BCD number needs more bits 
than its equivalent binary value 
“ (26), = (11010), 
(26), = (0010 0110), 
* Advantages: 


* Computer input/output data are handled by people who use 
the decimal system. So it is easier to convert back/forth to 
BCD. 


58 


ASCII Code 


American Standard Code for Information Interchange 


1000001 


e boli | 
Each letter or symbol is assigned a 1000010 


number from O to 127. 


* For example the ASCII code for 
uppercase A is ‘1000001’ which is 
65 decimal. 


1011010 


1100001 


1111010 


1000000 
0111111 
0101011 





ЕНЕ 
өг 
NE ON 
| b | 1100010 
NE UN 
ү 
шанаа 


American Standard Code for Information Interchange (ASCII) 





000 001 101 110 111 
NULL DLE SP 0 @ Р р 
SOH РС! ! A Q a q 
STX DC2 à; B R b г 
ЕТХ DC3 # 3 С 5 с 5 
ЕОТ DC4 $ 4 D T d t 
ENQ NAK % 5 E U е и 
АСК SYN & 6 F У f v 
BEL ETB { 7 С үу е w 
BS CAN ( 8 H x h х 
HT EM ) 9 I Y i y 
LF SUB * J 7. j 7 
VT ESC + K k | 
ЕЕ Е$ | < L \ | | 
CR GS | = M | m | 
SO RS . > N А n ~ 
SI US / ? O о DEL 


о 
о 


Thank You 
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CONTENTS 


Р Binary Storage and Registers 
> Binary Logic 
> Axiomatic Definition of Boolean Algebra 


> Basic Theorems and Properties of Boolean Algebra 


шжүЛлУАС2Л20 


Weekly Learning Outcomes 


1. Understand Binary Storage and Binary Logic 

2. Gain a basic understanding of postulates used to form 
algebraic structures. 

3. Understand the basic theorems and postulates of 
Boolean algebra 


4. Know how to apply DeMorgan's theorems 


ҚАМТУ С АУ АЛ 


Required Reading 


1. Chapter 1 (1.8 to 1.9) 

2. Chapter 2 (Sections 2.1- 2.4) 

(Digital Design with An Introduction to the Verilog HDL, 
VHDL and System Verilog) 


Recommended Reading 


1. Chapter 2 (Digital Logic for Computing) (John Seiffertt Digital 
Logic for Computing) 


SARI АР A] | 


This Presentation is mainly dependent on the textbook: Digital Design with An Introduction to the Verilog HDL, VHDL and System Verilog by Mano and Ciletti, 


Binary Storage and Registers 


SEMIS 


Registers 


• Aregister is a group of binary cells. A register with n cells can store апу 


discrete quantity of information that contains n bits. 


e The state of a register is an n-tuple of 175 апа 0 5, with each bit designating 
the state of one cell in the register. 
for example, 
A 16-bit register with the following binary content: 
1100001111001001 


e A register with 16 cells сап be in one of 216 possible states the register can 


store any binary number from 0 to 216 — 1. 


Transfer of Information among Registers 


MEMORY UNIT 


J о H N S. 
emory 
01001010010011111100100011001110 Register 


Processor 
Register 


INPUT UNIT 
Register 


pl— 
a CONTROL 
ы 





Binary Transformation Processing 


MEMORY UNIT 


0000000000 






Digital logic 
circuits for 
binary addition 


Binary Logic 


SEIS 


Binary Logic 


e Binary logic deals with variables that take on two discrete values and 


with operations that assume logical meaning. 


• The two values the variables assume may be called by different names 
(true and false, yes and no, etc.), but for our purpose, it is convenient 


to think in terms of bits and assign the values 1 and О. 


Binary Logic 
There are three basic logical operations: AND, OR, and NOT. Each operation 


produces a binary result, denoted by z. 


1. AND: 


This operation is represented by a dot or by the absence of an operator. For 
example, x. y = z or xy =z is read “x AND у is equal їо z.” The logical operation 
AND is interpreted to mean that z = 1 if and only if x = 1 and y = 1; otherwise 

z = 0. (Remember that х, у, and z are binary variables and can be equal either to 


1 or O, and nothing else.) The result of the operation x. y is z 


Binary Logic 


2. OR: 
This operation is represented by a plus sign. For example, x + y =z is 


read “x OR у is equal to z,” meaning that z= 1 if x=1orify=1 or if 


both = 1 апау = 1. If both x = 0 and = 0, then z = 0. 


Binary Logic 


3. NOT: 


This operation is represented by a prime (sometimes by an overbar). For 
example, x’ = z (or = 2) is read “not x is equal їо z,” meaning that z is what x 
is not. In other words, if = 1, then z = 0, but if x = 0, then = 1. The NOT 
operation is also referred to as the complement operation, since it changes a 


1 to 0 and aO to 1, i.e., the result of complementing 1 is 0, and vice versa. 


Truth Table 


Truth Tables of Logical Operations 
AND OR NOT 





Logic Gates 


Logic gates are electronic circuits that operate on one or more input 


signals to produce an output signal. 


Х 7 =: Х тон ў + : 
4 y & y 4 Н» 
y | $ | 


(а) Two-input AND gate (b) Two-input OR gate (c) NOT gate or inverter 


Boolean Algebra 


SEMIS 


Basic Definition 


* Boolean algebra, like any other deductive mathematical system, may 
be defined with a set of elements, a set of operators, and a number of 


unproved axioms or postulates. 


e A set of elements is any collection of objects, usually having a 


common property. 


Common Postulates 


1. Closure 


• Aset 5 is closed with respect to a binary operator if, for 
every pair of elements of S, the binary operator specifies a rule for 


obtaining a unique element of S. 


e For example, the set of natural numbers Х-11, 2,3, 4, ... } is closed with 
respect to the binary operator + by the rules of arithmetic addition, since, 


їогапуа, БЕ М, there is а uniquec € Nsuchthata+b=c. 


Common Postulates 


2. Associative law 


A binary operator * ona set S is said to be associative whenever 


(x*y)*z=xx*(y*z)forallx,y,zES 
3. Commutative law 


A binary operator * on a set S is said to be commutative whenever x * у = у ж 


xforallx,y ES 


Common Postulates 


4. Identity element 


• Aset Sis said to have an identity element with 
respect to a binary operation * on S if there exists an element e € S with the property that 


ежх-ххже-хфотгеуегух65 


Ф Example: The element 0 is an identity element with respect to the binary operator + on the 
set of integers|={...,-3,-2,-1,0,1,2,3,...}, since 
х+0 =0+х=х югапухЕ | 


The set of natural numbers, N, has no identity element, since 0 is excluded from the set. 


Common Postulates 


5. Inverse 


A set S having the identity element e with respect to a binary 
operator * is said to have an inverse whenever, for every x € S, 
there exists an element y € S such that 

хжу=е 

Example: Іп the set of integers, I, and the operator +, with e = 0 , the 
inverse of an element ais (-а), ѕіпсеа + (-а ) = 0. 


Common Postulates 


6. Distributive law 
If * апа. are two binary operators оп a set S, * is said to be distributive over - whenever 


хж(у-2)-(хжу)-(хж2) 
The operators and postulates have the following meanings: 
The binary operator + defines addition. 
The additive identity 150 
The additive inverse defines subtraction. 
The binary operator · defines multiplication. 
The multiplicative identity is 1. 


For a #0, the multiplicative inverse of a = 1 / а defines division (і.е., а: 1/а 1). 


nly distributive law applicable is that of - over +: 
c)=(a-b)+(a-c 


AXIOMATIC DEFINITION OF BOOLEAN 
ALGEBRA 


common postulates 


* In 1854, George Boole developed an algebraic system now called 
Boolean algebra. 


* For the formal definition of Boolean algebra, we shall employ the 
postulates formulated by E. V. Huntington in 1904. 


* Boolean algebra is an algebraic structure defined by a set of elements, 
B, together with two binary operators, + and - , provided that the 
following (Huntington) postulates are satisfied: 


Huntington Postulates 


• 1. 
1. The structure is closed with respect to the operator +. 
2. The structure is closed with respect to the operator - . 


е 2. 
1. The element 0 is an identity element with respect to + ; that is, x 
+0=0+х=х. 
2. The element 1 is an identity element with respect to · ; that is, x 
.1-1-Х-х. 


Huntington Postulates 


е 3. 
1. The structure is commutative with respect їо + ; that is, x +y=y+x 
2. The structure is commutative with respect їо · ; thatis,x-y=y-x 


е 4. 
1. The operator · is distributive over + ; that is,x-(y+z)=(x-y)+(x-z) 
2. The operator + is distributive over: ; thatis, х+ (у : 2) = (x*y)-(x-*z) 


Huntington Postulates 


* 5. For every element x € В, there exists an element x ' € B (called the 
complement of x) such that (a) x - x' 2 1and (b)x-x’=0. 


e 6. There exist at least two elements x, y € B such that xz y. 


Comparing Boolean algebra with arithmetic and ordinary algebra (the 
field of real numbers), we note the following differences: 


1. Huntington postulates do not include the associative law. However, 
this law holds for Boolean algebra and can be derived (for both 
operators) from the other postulates. 

2. The distributive law of + over: (i.e.,x+(y-z)=(x+t+y):(x+z)) is 
valid for Boolean algebra, but not for ordinary algebra. 

3. Boolean algebra does not have additive or multiplicative inverses; 


therefore, there are no subtraction or division operations. 


Ф 4. Postulate 5 defines an operator called the complement that is not 


available in ordinary algebra. 


• 5. Ordinary algebra deals with the real numbers, which constitute ап 
infinite set of elements. Boolean algebra deals with the as yet 
undefined set of elements, B, but in the two-valued Boolean algebra 
defined next (and of interest in our subsequent use of that algebra), B 


is defined as а set with only two elements, О and 1. 


Two-Valued Boolean Algebra 


ҚУАТТАУ А АА Ы) 


Two-Valued Boolean Algebra 


• A two-valued Boolean algebra is defined on a set of two elements, B = 
{ 0, 1}, with rules for the two binary operators + and : 





These rules are exactly the same as the AND, OR, and NOT operations 


Two-Valued Boolean Algebra 


We now show that the Huntington postulates are valid for the set 
B = (0, 1} and the two binary operators + апа. 


1. That the structure is closed with respect to the two operators is 
obvious from the tables, since the result of each operation is either 
1 or O and 1, O € B. 


2. From the tables, we see that 
(4)0-0-0 0+1=1+0= 1; 
(0) 1.1=1 1.0=0.1=0. 
This establishes the two identity elements, 0 for + and 1 for., as 
defined by postulate 2. 


3. The commutative laws are obvious from the symmetry of the binary 
operator tables. 


Two-Valued Boolean Algebra 


4. (a) The distributive law х * (у + z) = (х*у) + (x*z) can be shown to hold from 
the operator tables by forming а truth table of all possible values of x, у, and z. For 
each combination, we derive x * (у + 2) and show that the value is the same as the 
value of (x * y) + (x° z): 





X 2 ұз: x:(yz) x-y |x:z | (x: y) +(х- 2) 
0 0 0 0 0 0 0 0 
0 0 1 1 0 0 0 0 
0 1 0 Ї 0 0 0 0 
0 1 1 1 0 0 0 0 
1 0 0 0 0 0 0 0 
1 0 1 1 Ї 0 1 І 
1 1 0 1 І І 0 1 
1 1 1 1 1 1 1 | 








(b) The distributive law of + over -can be shown to hold by means of a truth table 
similar to the one in part (a). 


Two-Valued Boolean Algebra 


5. From the complement table, it is easily shown that 
(а) х+х' = 1, зтсе 0 +0' = 0+1=1 апа1 + 1' = 1 +0 = 1 
(0) Х.Х = 0, ѕіпсе0. 0' = 0. 1= Оапа1. 1' = 1.0 = 0 
Thus, postulate 1 is verified. 


6. Postulate 6 is satisfied because the two-valued Boolean algebra has 
two elements, 1 and 0, with 1 ғ 0. 


Basic Theorems and Properties of Boolean 


Algebra 


АЖ Л І ДҮ 


Basic Theorems 


Table 2.1 


Postulates and Theorems of Boolean Algebra 


Postulate 2 

Postulate 5 

Theorem 1 

Theorem 2 

Theorem 3, involution 
Postulate 3, commutative 
Theorem 4, associative 
Postulate 4, distributive 
Theorem 5, DeMorgan 
Theorem 6, absorption 


(a) 
(а) 
(а) 
(а) 


(а) 
(а) 
(a) 
(a) 
(a) 


х+0= х 
x+x'=1 
iTS EF 
х+1=1 
(х'}' =x 
х+у=у+х 


х +(у+ д }=(х+уу+{ 
x(y * z) = xy * xz 


(x + y)' ху 
х+ху=х 


(b) х'і-х 
(Б) х*х' = 0 
(b) Хх =x 
(b) х:0 = 0 


(Б) ху = yx 

(б) х(у:)- (xy) 

(b х+у = (х + у)(х + =) 
(5) (ху) =x' + y' 

(b x(x + у) =x 


Basic Theorems 


The postulates are basic axioms of the algebraic structure and 
need no proof. The theorems must be proven from the postulates. 


Proofs of the theorems with one variable are presented next. 


Basic Theorems 


THEOREM 1(a): x +x = х. 


Statement Justification 
xt+x=(x+x)-1 postulate 2(b) 
ней ама”) 5(а) 
= + хх 4(b) 
= х + 0) 5(b) 


- Х 2(a) 


Basic Theorems 


THEOREM 1(b): x:x = x. 


Statement Justification 
хх = xx +0 postulate 2(a) 
= Ххх Р »(b) 
= x(x + x’) 4(a) 
= x*1 5(a) 


=x 2(b) 


Basic Theorems 


THEOREM 2(a): x +1 = 1. 


Statement Justification 
x+1=1-(* +1) postulate 2(b) 
= АОИ 5(а) 
=x 94371 4(h) 
= xc 2(b) 
= »(a) 


THEOREM 2(b): х-0 = 0 by duality. 


Basic Theorems 


THEOREM 3: (х”) = x. From postulate 5, we have x + х' = 1 andx-x' = 0, which 
together define the complement of x. The complement of x’ is x and is also (х ). 
Therefore, since the complement is unique, we have (х) = x. The 

theorems involving two or three variables may be proven algebraically 


from the postulates and the theorems that have already been proven. 


Basic Theorems 


THEOREM 6(a): x + ху = x. 


Statement Justification 
x + лу = х*1 + ху postulate 2(b) 
= ДІ + y) 4(a) 
= х(у 1) З(а) 
= х:] 2(а) 
= y 2(b) 


THEOREM 6(b): x(x + y) = x by duality. 


Basic Theorems 


The theorems of Boolean algebra can be proven by means of truth tables. 
In truth tables, both sides of the relation are checked to see whether they 
yield identical results for all possible combinations of the variables 


involved. The following truth table verifies the first absorption theorem: 


Basic Theorems 


x xy | x+xy 
0 0 0 
0 0 0 
1 0 1 
1 1 1 





Operator Precedence 


* The operator precedence for evaluating Boolean expressions is (1) 
parentheses, (2) NOT, (3) AND, and (4) OR. In other words, 
expressions inside parentheses must be evaluated before all other 
operations. The next operation that holds precedence is the 


complement, and then follows the AND and, finally, the OR. 


Thank You 
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Weekly Learning Outcomes 


1. Define Boolean functions/Boolean expression 

2. Learn how to express a Boolean function in canonical 
and standard forms 

3. Learn the logic gates symbols and their truth tables 

4. Learn how to manipulate Boolean expression to reduce 


the required number of logic gates 


ҚАМТУ С АУ АЛ 


Required Reading 


1. Chapter 2 (Sections 2.5- 2.8) (Digital Design with An 
Introduction to the Verilog HDL, VHDL and System 


Веб пед Reading 
1. Chapters З (John Seiffertt Digital Logic for Computing) 
2. https://www.tutorialspoint.com/digital_ circuits/digital circu 


its canonical standard forms.htm 


КАЗАЎ 


Boolean Functions 


“ An algebraic function is an evaluation of a set of variables and 
operations 


e F(x, у) =х+2*у (variables Е, x, y; operations +,*, =) 
* Boolean algebraic functions use logic operations only 
* Boolean variables values and function's values can be 1, or O 
* Example: Ё, = x +у 2 

е Function: А 

* Variables: x, y,z 

* Boolean Expression: x + y z 


* Logical Operations: OR NOT 
м 
х+у7 


Б 


Logic Diagram Э Boolean Expression 


• Logic Diagram 





© What is the Boolean expression? 


Е = Хау7 


Boolean Expression > Logic Diagram 


3-input AND Gate 


е Consider function 
OR Gate 
\ 2-input AND 
on First AND gate XYZ 


Second AND gate 
XYZ 









F 


Third AND gate XZ 
How many gates do we need (а) Е = XYZ + XYZ + XZ 
to implement this function? 


Truth Tables 


e A truth table spells all input 
combinations and their corresponding 
outputs 


* The rows of the table (number of 
combinations) depends on the 
number of variables 


23 = 8 rows 


• For n variables we have 2” rows 


3 input 
variables 


mM ра ра ра COCO о о ж 


ара о о к м о о і“ 


e онш OF $ т ф № 





Р, 


e. e ы-і ра CO ОО KH ОО 


F, 


Q CO Fe ра бә ғ СЭ 


Boolean Expression >Truth Table 






Boolean 


Input Expression 


Variables 


Derive the Truth Table. 


Boolean Expression Э Truth Table 


Е = ХУ 


y Y’ 


< 


< 


2 


First Get the expression of the intermediate 
variables 





Boolean Expression Э Truth Table 


м 
> 


` 
— 
О 
(ёд) 
Ф 
2 
(c 
> 
Ф 
X 
— 
+ 
Ф 
О) 
= 





Boolean Expression Э Truth Table 


ES 
> 


UN 
> 
ч— 
O 
YW) 
Ф 
3 
сб 
г 
Ф 
ас 
+ 
c 
Ф 
Е ав 
LL 





Boolean Expression Э Truth Table 


Е = ХУ 


bi Y' 


~< 


~< 


2 


And finally, the value of the function F 





Logic Gates 


ҚУАТ УЛ АУ АРАЛ 


Name 


Common Logic Gates and Expressi ,, 


Boolean Functions 


m=. 

Е = xy 

Б = ху! 

В = х 

Ё = х'у 

Б = ў 

Е = ху' + х'у 
Е =х+у 

В = (xy) 
Fy = xy + ху 
пре y 
ау 
Fp = x' 

Fig = +y 
Fig = (xy) 
Fis = 1 


Operator 
Symbol 


X*'y 
х/у 


у/х 


Мате 

Null 

AND 
Inhibition 
Transfer 
Inhibition 
Transfer 
Exclusive-OR 
OR 

NOR 
Equivalence 
Complement 
Implication 
Complement 
Implication 
NAND 
Identity 


Comments 
Binary constant 0 
x and y 

x, but not y 

X 

y. but not x 

y 

x or y, but not both 
xory 

Not-OR 

x equals y 

Not y 

If y, then x 

Not x 

If x, then y 
Not-AND 


Binary constant 1 


OR 


Inverter 


Buffer 


NAND 


NOR 


Exclusive-OR 
(XOR) 


Exclusive-NOR 
or 
equivalence 


Algebraic 
function 


Е=х+у 


Е = (ху) 


F= (х + yy 


Е = ху + ху 
=хФу 


Е = ху + x'y 
= (хбу) 





моно | =|-оно |“ 


моно Set 











Boolean Operator Precedence 


" The order of evaluation іп a Boolean 
expression 15: 


1. Parentheses 2. Not 
3. And 4. Or 
" Consequence: Parentheses appear 


around OR expressions 
. Example: F = A(B + C)(C + D) 


e Compliment of functions 


АЖ Л А АА Ы) 


Complement of a Function 


The complement representation 
for a function F, (F’), is obtained 
from an interchange of 15 to 05 
and 05 to 15 for the values of F 
in the truth table. 


Е = XYZ +XYZ 





Е=Х.Ү.7+Х.Ү.7+Х. 


~< 


АЭ ОЛУК ОСУ СУ 


Complement of a Function ... Cont. 


* The complement of a function can be derived algebraically by 


applying DeMorgan’s theorem. 
Ф Complement the left hand side and the right hand side by 
putting a bar on top of each. 


Е = XYZ +XYZ Е = XYZ +XYZ 
F =(XYZ)(XYZ) 


F =(X+Y+Z)(X +Y+Z) 


Complement of a Function ... Cont. 


Yet another way of deriving the complement of a function is to: 
І. Таке the dual of the function equation 


І. Complement each literal. 


F=XYZ+XYZ Е =(XYZ)+ (XYZ) 
Dual => Y+Z)(X +Y+Z) 


F =(X «Y - Z.L(X +Y+Z) 


* Boolean Expression Simplification 


SAIS 


Representation: Truth Table 


o Give Boolean Expression? 


F=XeYeZiXeVYoZFiXeVYoZFiXxXeVYoeZFiXxeYeZ 


Not Simplified! 
Can we do 
better 


O 


O 
ж 
~< 
N 


2" rows where n 


Ш к к оо о о 
-і -і О онно с 
Ш онон он о 


is # of variables 


Е 
0 
1 (шш 
0 
0 
1 Фани 
1 ин 
1 (еше 
1 «шш 


Truth Table Э Boolean Function 


Let us first reconsider how to get a Boolean 
expression from a truth table 


Consider a truth table 
The Boolean expression for F: 


e Sum ог minterms (Oring of terms) 

* Product of maxterms (Anding of terms) 
What is a minterm? 
What is a maxterm? 


x 


for the Function F = X + YZ 


Truth Table 
Y Z 
0 0 
0 1 
1 0 
1 1 
0 0 
0 1 
1 0 
1 1 


Е 


Min Terms 


ҚУАТ УЛ АУ АРАЛ 


From Truth Table to Function 


° Consider Я truth table ыы F=X+YZ 
• Can implement Е by taking OR of all X Y т — в 


terms that are 1 200 0 


0 


0 1 


1 

0 

{ ! 
шин 
[1 0 1 — —— ТС 
MinTerm 


F=X-Y-Z4+X-¥-Z+X-¥Y-Z+X-Y-Z4+X-Y-Z 


F (optimized) = YZ +X 
р WC 


Product Term 


Number of Minterms 


* For n variables, there will be 27 minterms 


• Like binary numbers from О to 2^-1 


3-variables > 8 minterms 2-variables > 4 minterms 


Y Z 


>< 
T 





1 
0 
0 
0 


- ммо о о о 
оон н CO 
онон о н о 
eRe - OOF о 


Product term 


* Assume we have a circuit with 3 input variables X, Y, 7 
* Definitions: 

* Product Term — a subset of the variables appear 
(complimented or not with an AND operation between 
them) 

— XY, XZ, XZ’, XYZ 

Ф Min Term — is a product term in which all variables appear 

once > (XYZ, X’YZ, ХҮ'2”) 


* All min-terms are product terms but not all product terms are 
min terms 


Definition: Minterm 


|5 a Product Term in which ALL variables appear once 
(complemented or not) 


One minterm active at a time 





Product 

Х Ү 2 Тегт 

0 0 0 XYZ mo 1 0 0 о 0 0 0 
0 0 1 XYZ m, 0 1 0 0 0 о 0 0 
0 1 0 XYZ m» 0 0 1 0 о о о 0 
0 1 1 XYZ m; 0 0 0 1 0 0 о 0 
1 0 0 ХҮ? m4 0 0 0 0 1 0 0 0 
1 0 1 ave ms 0 0 0 0 0 1 о 0 
1 1 0 XYZ mg 0 0 0 0 0 0 1 0 
1 1 1 XYZ m; 0 0 0 0 0 0 0 1 


Sum of Minterms (SOM) 


OR all of the minterms of truth table row with a 1 






тп! 


Е-Х-Ү-7-Х-Ү-7-Х-Ү-7-Х-Ү-7 Mo 





0 0 
РА Пі |0 1 
: т 
In this case mg4-m;4-ms4-m; — н 
ШЕ 0 1 
жі кә — —— — "4 [1 1 
F = ХҮЙ- ХҮЙ- XYZ + XYZ m, |1 0 
me 1 1 
In this case m, + m, + m, + mg m; |1 0 


Alternative Representation 


F=XYZ+XYZ+XYZ+XYZ 


In this case тот» тт» > 
F (X,Y,Z) = у m(0,2,5,7) 


F=XY.Z+XYVZ+XYZ+XYZ 
In this case m, + m, + m, + mg > 


F (X,Y,Z) = У тй,3,4,6) 


а а CO OF KS С С 


не, 


1 
0 
1 
0 
0 
1 
0 
1 





тп! 


б васова а OF о 


Summary of Properties of Minterms 


е There are 2° minterms for a Boolean function with n 
variables 


* Any Boolean function can be expressed as a logical 
sum of minterms 


“Тһе complement of a function contains those 
minterms not included in the original function. 


* A function that includes all the 2" minterms is equal 
to logic 1. 


e Sum of Products 


ҚУАТ УЛ АУ АРАЛ 


бит of Products (SOP) Standard Form 


“Тһе sum-of-minterms form is a canonical algebraic 
expression that is obtained directly from a truth table. 


* The expression obtained contains the maximum number of 
literals in each term. 


• Simplification of the sum-of-minterms expression is called 
sum-of-products. 


e Simplified expression is called a standard form 


SOM vs. SOP 


Sum of minterms (SOM) 


After Simplification we 
get the Sum of products 
(SOP) 


F=X.Z+XZ 


> 


=== 


< 


N 


e Or or OF о 


Sum of Products Implementation 


Sum of products 


х NI-XI| 
т 


Е =Y +ХУХ «XY 


-< 


Fig. 2-5 Sum-of-Products Implementation 


We refer to this implementation as a two-level 
circuit 


2-level Implementation 


o Sum of products has 2 levels of gates 


mo чоо оь» 


(0) АВ + СО + СЕ 


о Is there a 3-level rep of this circuit? 


2-level vs. 3-level Implementation 


A 
B 
С 
АВ + CD + CE can be D 
Also expressed as E 
AB + C(D+E) (a) AB+C(D+E) 


What's best? 
е Hard to answer!! 
e More gate delays? 
e But maybe we only have 2-input gates 


Max term 


ҚУАТ УЛ АУ АРАЛ 


Definition: Maxterm 


Is a Sum Term in which all variables appear once 
(complemented or not) 





0 0 
0 0 
Е 1 
0 1 
1 0 
1 0 
1 1 
1 1 


ЕЗ сз к^ сз = © кл © 
+ 
+ 
ә 
e. кі рыш Se рыш ыш ына © 
OD кі кі кі кі Ма ма а 


40 


Minterm/Maxterm: Relationship 


e Minterm and maxterm with same subscripts are complements 
m, = Mj 


e Example (Use DeMorgan's theory) 


m, = XYZ 
m = XYZ=X+Y+Z=M, 


Product of Maxterms 


We can also express F as ANDing of all rows 
that should evaluate to 0 


F=M,eM,eM,eM, Е d 
F(X,Y,Z) =TM (1,3,4,6) S | : 

М; 0 1 

F -(X *»Y*ZYX +Y +Z) Е : і 


ІІ! 


ра = COOK Ма OC 5 
ка = 


(Х-Ү-7ХХ-Ү-7) i 


- о н 


* Expression Simplification 


АЖ Л А АА Ы) 


Useful Boolean Algebra thermos for expression 


manipulation and simplification 


• Table 2.1 


Postulate 2 

Postulate 5 

Theorem 1 

Theorem 2 

Theorem 3, involution 
Postulate 3, commutative 
Theorem 4, associative 
Postulate 4, distributive 
Theorem 5, DeMorgan 


Theorem 6, absorption 


(a) 
(a) 
(a) 
(a) 


(a) 
(a) 
(a) 
(a) 
(a) 


x+0=x 
x+x'=1 
CM SH 
x+1=1 
(Хх) =x 


ту=утя 
ж (y +g = У) 4-2 
х(у + Z) = ху + xz 
(x ty) = ху 
x+xy=x 


(b) 
(b) 
(b) 
(b) 


(b) 
(b) 
(b) 
(b) 
(b) 


x-l=x 
хех" =0 
ХХ = х 
x 0 

ху = yx 


x(yz) = (ху): 
x + yz = (x + у)(х + z) 
(ху)! = ty 
х(х + у) = х 


Useful Boolean Algebra thermos for expression 
manipulation and simplification 


Dual of A function 

The dual of an expression is obtained by: 
Changing AND to OR, and 

Changing OR to AND throughout 
Changing 1's to 05, and 

Changing 0’s to 175 


p eI з 


For example 
The dual of X+0 is: 
X.1, 
The dual of X.0 is: 
X+1 


Example 1: Boolean Algebraic Proof 


e А+А-В=А (Absorption Theorem) 


Proof Steps Justification (identity or theorem) 
A+A°B 

= А:1+А:В Х-Х:1 > identity #2 

-А: (1-8) X-Y*X: Z- X-(Y * Z) > identity #14 

-А:1 1+X=1 Э identity #3 

=A Х“1-Х Э identity #2 


Cont. Boolean Algebraic Proof 


Our primary reason for doing proofs is to learn: 


е Careful and efficient use of the identities and theorems of 
Boolean algebra, and 


* How to choose the appropriate identity or theorem to apply 
to make forward progress, irrespective of the application. 


e Simplification examples 


АЖ Л А АА Ы) 


Algebraic Manipulation 


Е = XYZ + XYZ + XZ 
o When a Boolean equation is implemented with 
logic gates, 
і. Each term requires a gate, 
ІІ. Each variable designates an input to the gate. 


o We define a literal as a single variable within a 
term that may or may not be complemented. 


o The expression above has 3 terms and 8 literals. 


Algebraic Manipulation 


е Consider function 


Е = XYZ + XYZ + XZ 


N < 


How many 

gates do we 

need to 

implement (а) F = XYZ + XYZ + XZ 


this function? 


Simplify Function 


X 
| 


XYZ + XYZ + XZ 
F = XY(Z + Z)+XZ 

_ 
Е = ХҮө1+Х7 


Apply Postulate 2(b) X М 1 = X 
Е = XY+XZ 


End Result? 


Fewer Gates 











F = XY+xXZ 
Х 
Ү 
Е 
Z 
(b) Е-ХҮ-Х2 
> 
1. Fewer Gates! 
М D» © 2. Fewer Inputs per gate! 











В 


(а) F2 ХҮ2 + XYZ + XZ 





Thank You 
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CONTENTS 


> Тһе Map Method 
Р Four-Variable K-Map 


> Product-of-Sums Simplification 


ҚУАТ КУЛ АА АТ ЗУ 


Weekly Learning Outcomes 


1. Know how to derive and simplify a Karnaugh map for Boolean 
functions of 2, 3, and 4 variables 

2. Know how to derive the prime implicants of a Boolean function. 

3. Know how to obtain the sum of products and the product of sums 
forms of a Boolean function directly from its Karnaugh map. 

4. Know how to create the Karnaugh map of a Boolean function from its 


truth table. 


SATUS АУ АЛ 


Required Reading 


1. Chapter 3 (3.1 to 3.4) 
(Digital Design with An Introduction to the Verilog HDL, 
VHDL and System Verilog) 


Recommended Reading 
1. Chapter 3 


2. Chapter 4 
3. (Digital Logic for Computing) (John Seiffertt Digital Logic for 


ЗАЛИЛ ТО 


This Presentation is mainly dependent on the textbook: Digital Design with An Introduction to the Verilog HDL, VHDL and System Verilog by Mano and Ciletti, 


Computing) 


Introduction 


SEMIS 


Gate Level Minimization 


e Gate-level minimization is the design task of finding an 
optimal gate-level implementation of the Boolean functions 


describing a digital circuit. 


• This task is well understood, but is difficult to execute by 


manual methods when the logic has more than a few inputs. 


The Map Method 


SEMIS 


The Map Method 


* The complexity of the digital logic gates that implement a Boolean function 
is directly related to the complexity of the algebraic expression from which 


the function is implemented. 


• The map method provides a simple, straightforward procedure for 
minimizing Boolean functions. This method may be regarded as a pictorial 
form of a truth table. The map method is also known as the Karnaugh map 


or K-map. 


K-Map 


A K-map is a diagram made up of squares, with each square 
representing one minterm of the function that is to be minimized. Since 
any Boolean function can be expressed as a sum of minterms, it follows 
that a Boolean function is recognized graphically in the map from the 
area enclosed by those squares whose minterms are included in the 


function. 


K-Map 


“Тһе simplified expressions produced by the map are always іп one of 
the two standard forms: sum of products or product of sums. It will be 
assumed that the simplest algebraic expression is an algebraic 
expression with a minimum number of terms and with the smallest 


possible number of literals in each term. 


* This expression produces a circuit diagram with a minimum number of 


gates and the minimum number of inputs to each gate. 


Two Variable K-Map 


9 If we mark the squares whose minterms belong to a given function, 
the two-variable map becomes another useful way to represent any 


one of the 16 Boolean functions of two variables. 


* As an example, the function ху is shown in Fig. 3.2 (a). Since ху is 
equal to m3, a 1 is placed inside the square that belongs to m3. 
Similarly, the function x + y is represented in the map of Fig. 3.2 (b) by 
three squares marked with 1's. These squares are found from the 


minterms of the function: 


Two Variable K-Map 





Two Variable K-Map 


mi + т ғта-жу + xy +ху=х+у 





(а) ху | (Бух y 


Three Variable K-Map 


A three-variable K-map is shown below. There are eight minterms for 


three binary variables; therefore, the map consists of eight squares. 


**Note that the minterms are arranged, not in a binary sequence, but 
in a sequence similar to the Gray code. The characteristic of this 
sequence is that only one bit changes in value from one adjacent 


column to the next. 


Three Variable K-Map 





(a) 


We must recognize the basic property possessed by adjacent squares: Any two adjacent 


squares in the map differ by only one variable, which is primed in one square and unprimed 
in the other. 


Three Variable K-Map - Example 

Simplify the Boolean function 

F (x,y,z) = X2, 3, 4, 5) 

e First, a 1 is marked in each minterm square that represents the function. This is shown 


in next slide, in which the squares for minterms 010, 011, 100, and 101 are marked with 1’s. 


Ф The next step is to find possible adjacent squares. These are indicated in the map by two 


shaded rectangles, each enclosing two 1’s. 


Ф The upper right rectangle represents the area enclosed Бу ху. This area is determined by 
observing that the two-square area is in row 0, corresponding to x’, and the last two columns, 


corresponding to у. Similarly, the lower left rectangle represents the product term xy’. 


Three Variable K-Map - Example 





F(x, у, 2) = Х2, 3, 4, 5) = x'y + ху 
The logical sum of these two product terms gives the simplified expression. 


F= ху + ху! 


Three Variable K-Map - Example 


In certain cases, two squares in the map are considered to be adjacent even though 


they do not touch each other. 
Ф For Example, mO is adjacent to m2 and m4 is adjacent to тб because their minterms 


differ by one variable. This difference can be readily verified algebraically: 


! 


то + т = хуг txyz —xz(y ty)^xz 
Hig Ик = xy 2 Ж хус = ха (ул уулс 


Three Variable K-Map 


Consequently, we must modify the definition of adjacent squares to include this 
and other similar cases. We do so by considering the map as being drawn ona 


surface in which the right and left edges touch each other to form adjacent squares. 


Four Variable K-Map Method 


SEMIS 


Four Variable K-Map 


* The map for Boolean functions of four binary variables (w, х,у, 2) is shown 


in next slide. 
* In Fig. (a), listed the 16 minterms and the squares assigned to each. 


• In Fig. (b), the map is redrawn to show the relationship between the 


squares and the four variables. 


* The rows and columns are numbered іп a Gray code sequence, with only 


one digit changing value between two adjacent rows or columns. 


Four Variable K-Map 





ту 


w'xyz 


т; 
WXYZ 


H 





Four Variable K-Map 


The combination of adjacent squares that is useful during the simplification 
process is easily determined from inspection of the four-variable map: 
One square represents one minterm, giving a term with four literals. 
Two adjacent squares represent a term with three literals. 
Four adjacent squares represent a term with two literals. 
Eight adjacent squares represent a term with one literal. 


Sixteen adjacent squares produce a function that is always equal to 1. 


Four Variable K-Map - Example 


Simplify the Boolean function 


F (№, х, у, 2) = %(0, 1, 2, 4, 5, 6, 8, 9, 12, 13, 14) 


• The minterms listed in the sum are marked Бу 1's in the map. 
Eight adjacent squares marked with 1’s can be combined to form the one 
literal term у’. 

* The top two 175 on the right are combined with the top two 175 on the left 


to give the term w'z' 


Four Variable K-Map - Example 


* We are now left with a square marked by 1 in the third row and fourth 
column (square 1110). Instead of taking this square alone (which will 
give a term with four literals), we combine it with squares already 


used to form an area of four adjacent squares. 


* These squares make up the two middle rows and the two end 


columns, giving the term xz' 


* The simplified function is: 


F= у + w'z' ха! 


Four Variable K-Map - Example 


уг” 


ryz 





Ж кез j 


у 7 + муг" - w'z' 
xy'z' t xyz! = xz' 


Note: w 


Prime Implicants 


A prime implicant is a product term obtained by combining the maximum 
possible number of adjacent squares in the map. 

In choosing adjacent squares in a map, we must ensure that 

(1) all the minterms of the function are covered when we combine the 
squares 

(2) the number of terms in the expression is minimized 

(3) there are no redundant terms (i.e., minterms already covered by other 


terms) 


Prime Implicants 


If a minterm іп a square is covered by only one prime implicant, that 
prime implicant is said to be essential. 
The prime implicants of a function can be obtained from the map by 


combining all possible maximum numbers of squares. 


Essential Prime Implicants 


С 





ABN 00 01 


| п 210 
та т т, т. 
ш” "П | 
01 1 1 
BR Г | | B 
Hs т ті 
А i | 
His та ті 
аа 
AB'C'D' < D 


Note: A'B'C'D' + A'B'CD' = A'B'D' 
AB'C'D' + AB'CD' = AB'D' 
A'B'D' + AB'D' = B'D' 

(a) Essential prime implicants 
BD and B'D' 


A'B'CD' 






AB'CD' 


Higher Variable K-Map 


* Maps for more than four variables are not as simple to use as maps 
for four or fewer variables. A five-variable map needs 32 squares and 


a six-variable map needs 64 squares. 


• When the number of variables becomes large, the number of squares 
becomes excessive and the geometry for combining adjacent squares 


becomes more involved. 


Product-of-Sums Simplification 


SEIS 


Product of Sum Simplification 


The minimized Boolean functions derived from the map in all previous 
examples were expressed in sum-of-products form. With a minor 


modification, the product-of-sums form can be obtained. 


Product of Sum Simplification - Procedure 


“Тһе 1’s placed in the squares of the map represent the minterms of the 


function. 


• The minterms not included in the standard sum-of-products form of a 


function denote the complement of the function. 


* The complement of a function is represented in the map by the squares not 


marked by 1's. 


Product of Sum Simplification - Procedure 


• If we mark the empty squares by 0’s and combine them into valid adjacent 
squares, we obtain a simplified sum-of-products expression of the 


complement of the function (i.e., of F’). 


* The complement of Р gives us back the function Р in product-of-sums form 


(a consequence of DeMorgan’s theorem). 


Product of Sum Simplification - Example 


Simplify the following Boolean function into 


(a) sum-of-products form and 


(b) product-of-sums form: 


F (A, B, C, D) = X(0, 1, 2, 5, 8, 9, 10) 


Product of Sum Simplification - Example 


* The 1's marked in the map of Fig (Next Slide) represent all the minterms of 


the function. 


e The squares marked with 075 represent the minterms not included іп F and 
therefore denote the complement of F. Combining the squares with 1’s 
gives the simplified function in sum-of-products form: 

(a) F = B'D' + B'C' + A'CD 
If the squares marked with 075 are combined, as shown in the diagram, we 
obtain the simplified complemented function: 


F = АВ + CD + BD' 


Product of Sum Simplification - Example 


BC'D' 





D 
Note: BC'D' + BCD' = BD’ 


Product of Sum Simplification - Example 


Applying DeMorgan’s theorem (by taking the dual and complementing 
each literal), we obtain the simplified function in product-of-sums form: 


(b) F= (A' + B') (C + D’) (B' + D) 


Product of Sum Simplification - Example 


The gate-level implementation of the simplified expressions 


(a) The sum-of-products expression 





(a) Е = B'D' + B'C' + A'C'D 


Product of Sum Simplification - Example 


The gate-level implementation of the simplified expressions 


(b) The product-of-sums expression 





(b) F=(A' + B) (C + D')(B' + D) 


Thank You 
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Weekly Learning Outcomes 


1. Learn how to simplify a Boolean function using Don't- 
Care conditions 
2. Learn how implement digital circuits (Boolean functions) 


using various combinations of logic gates 


SATUS] 


Required Reading 


1. Chapter 3 (Sections 3.5- 3.8) ) (Digital Design with An 
Introduction to the Verilog HDL, VHDL and System 


Вест пед Reading 
1. Chapters 3 (pp 28-30) (John Seiffertt Digital Logic for Computing) 
2. https://www.allaboutcircuits.com/textbook/digital/chpt- 


3/gate-universality/ 


ЗАЛИЛ АА | 


Don’t Care 


* So far we have dealt with functions that were always 
either O or 1 


• Sometimes we have some conditions where we don't 
care what result is 


* Example: dealing with BCD 
• With 4-bits we can encode 16 items 
* We only care about first 10 (0000 — 1001) 
* The remaining (1010 — 1111) we don't care 


Mark With an Х/ 


* |n a К-тар, mark don't care with an X’ 
* Leads to simpler implementations 


е Can treat an X either as 1 or O 


* Example: 


F(A, B,C, D) = У m(1,3,7,1 115), d (0,2,5) 


Example 


F(A, B,C, D) = У m(1,3,7,1 1,15), d (0,2,5) 





What would we have if Xs were 0? 


e МАМО and NOR Implementation 


SEMIS 


NAND Gates 


Very common for discrete logic 








NAND is Universal 


* Fact: Any digital circuit can be designed and realized using only 
AND, OR, NOT gates 


e |f we can prove that МАМО gate can emulate AND, OR, NOT, then 
we prove that it is Universal 


Inverter x T ) " 


OR (xy')-x-ty 


NAND is Universal 


DeMorgan’s Theorem: Inverting the inputs of an OR gate produces a NAND gate 





Xe X = X (Before Bubble) 


х [02-х х рә 
х|2 
Ни | Equivalent to Inverter 


NAND Gate as an OR Gate 





OR gate 


| Equivalent to OR Gate 





NOR Gates 


“ NOT OR 


e Also common 





“oo 
=. к O о 


O O O ғ. 


NOR Gate is also Universal 


Prove that a NOR gate is Universal by showing it can perform the functionality of (a) 
NOT gate, (b) OR gate, (c) AND gate 


өөө TP ep 





AND (х зу) = xy 


e Converting and expression to all-NAND gate 


ЗАЛИЛ АА Ы) 


NAND and NOR Implementations 


Ф Digital circuits are frequently constructed with only NAND and NOR 
implementations: 


* Both are universal gates 


* they are easier to fabricate using (CMOS Technology) 


* Because of their use, rules have been developed that allow us to convert 
Boolean functions using AND, OR and NOT into the equivalent NAND and NOR 
logic diagrams. 


Recall 
Inverting the inputs of an OR gate produces a NAND gate 





NAND Gate 
А т X ҮЕ 
E d 
0 1 
1 0 10/1 
1 1 1110 





Conversion to all-NAND Circuits 


The general procedure for converting a multi-level AND-OR diagram into 
an all-NAND diagram is as follows: 


1. Convert all AND gates to NAND gates with AND-NOT graphic 
symbols 


2. Convert all OR gates to NAND gates with NOT-OR graphic 
symbols 


3. Check all the bubbles in the diagram 


* Every bubble that is not compensated by another along the 
same line will require the insertion of an inverter or 
complement the input literal 





Sum of Products with NAND 








e Convert all AND gates to gates with AND-NOT graphic symbols 
e Convert all OR gates to 2 gates with NOT-OR graphic symbols 
A 8 А 
В В 
F F 
С С 
р р 
(а) (0) 


e Check all the bubbles in the diagram 


Every bubble that is not compensated by another along the same line will require the 
insertion of or complement the input literal 


A 
B 
С 
р 


Easy to think of bubbles as canceling 


AND-OR Circuit Easy to Convert 


Implementing F = A(CD + В) + BC 


O 
Баян | 
— 


з ш >» ы © су 





(b) NAND gates 


* Other Two-Level Implementations 
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Wired Logic 


* NAND and NOR gates are the most commonly gates found in 
integrated circuits 


• Some implementation allows output of two МАМО or two NOR gates 
to be connected together 


* This is called wired logic 
e Examples 

* AND-OR INVERTER 

* OR-AND-INVERTER 


Wired Logic Examples 


* Figure 3.26 (Wired logic) 


A A 
B B 
Е = (AB + CD) F=[(A + B) (C + D)|' 
€ C 
D D 
(a) Wired-AND in open-collector (b) Wired-OR in ECL gates 
TTL NAND gates. 


(AND-OR-INVERT) (OR-AND-INVERT) 


* We can implement some functions with fewer gates this way 


Nondegenerate Forms 


* Considering four types of gates: AND, OR, NAND, and NOR 
• We have 16 combination for first level – second level gates 
* Ex. AND-OR, AND-AND, NOR-OR 
• Some combinations will degenerate to a single operation 
* Ex. AND-AND will degenerate to only AND operation 


* Other combinations are nondegenerate (cannot be folded in a single 
operation), we have 8 such combinations 


* First gate constitute the first level and | | 
: : АМП-ОК ОК-АМП 
the second gate is the second level in класы. ШЭНЭ 
the implementation NOR-OR NAND-AND 
OR-NAND AND-NOR 


AND-OR-INVERT Implementation 


* NAND-AND and AND-NOR, are equivalent and can be treated 
Together 


* Example F = (AB + CD + E). 


A A A 
B B B 
C C C 
F F F 
D D D 
E E Е 


(а) AND-NOR (b) AND-NOR (c) NAND-AND 


AND-OR-INVERT Implementation 


* Like AND-OR implementation, AND-OR-INVERT requires Sum-of- 
Products form expression 


* To implement a function Р, we get the complement of the function Р. 
SOP for the AND-OR-INVERT implementation 


OR-AND-INVERT Implementation 


e The OR-NAND апа NOR-OR forms perform the OR-AND-INVERT 
function 


* OR-NAND form resembles the OR-AND expect for inversion 
Ф Implementing F = (А + B)(C + D)E] 


> 
д 
d> 


Су 
Сэ 
о 


(а) OR-NAND (b) OR-NAND (c) NOR-OR 


OR-AND-INVERT Implementation 


e The OR-AND-INVERT implementation requires an expression in 
product-of-sums 


* To implement a function Р, we get the complement of the function Р. 
POS for the OR-AND-INVERT implementation 


Summary of Implementation with Other Two-Level 


Forms 


* Because of the INVERT part in each case, we simplify the complement 
function Ё` and use it in the implementation to get the function Р 





Simplify 
F' 
into 


Sum-of-products 
form by combining 
078 in the map. 


To Get 
an Output 
of 


Е 


Table 3.2 
Equivalent 
Nondegenerate Implementation eee 
(a) (b)* Form 
AND-NOR NAND-AND AND-OR-INVERT 
OR-NAND NOR-OR OR-AND-INVERT 


Product-of-sums 
form by combining 
l's in the map and 


then complementing. 


*Form (b) requires an inverter for a single literal term. 


* Two-Level Implementations Example 


SEMIS 


Example 1 


* Given the function 

“Е-хулпхчхуг 

• Implement it using the four combinations in the table 3.2 
• First fill the К-тар 





Example 1 (AND-OR-INVERT from) 


* From the К-Мар we can write the complement of the function 


e F =ху+ху +2 


e We can get the normal output function by inverting the expression 
"Е-(ху-ху +2)! 
e This is the AND-OR-INVERT form 


Ф From this we can implement the AND-NOR, and NAND-AND (see 
next slide for the implementation) 


Example 1 (AND-OR-INVERT form) 


* Note that since 7 is a single literal term it needs to be inverted in the 
NAND-AND implementation 





AND-NOR a DAN TD 
(b) F = (x'v + xy' 2) 


Example 1 (OR-AND-INVERT form) 
Ф OR-AND-INVERT needs complement of functions іп product-of-sums 
form 


Ф First combine the 1’s іп the K-Map then take the complement of 
the function (remember DeMorgan Theorem) 


“Е-ху2 +хух 
‘F=xyz+xyz ЭЕ -(ху2)ху2) Э 
eF = (х +у+2)(х+у+2) ә 

eF =(х+у+7)(х +y +2) 


Example 1 (OR-AND-INVERT form) 


9 The normal form of the function becomes 
. F=[(x+y+z)(x жу тай 


* This gives us the OR-AND-Invertéd form 


* From this we can implement the OR-NAND, and NOR-OR (see next 
slide for the implementation) 


Example 1 (OR-AND-INVERT form) 





4 ï 
У Y 
d h 
Lj Р 4 
y' 
: 





OR-NAND NOR-OR 
(c) F ету 2) n ву Л 


e [he Exclusive OH gate 
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Exclusive OR 


* Exclusive OR (XOR) denoted by Ф is a logical operation perfuming 
“хФу-хучху 
* Exclusive NOR (XNOR) is the complement of ХОК performing the 
operation 


“(хФу) =xy+xy 





XOR Gate Symbol 
XOR Truth Table 


XOR postulates and Theorems 


Ф Exclusive NOR (XNOR) сап be generated by taking the complement of an 
XOR operation 


° (xy) = ху + ху 
* The following identities apply to ХОК 


«хаў = х 
e хФ1 = х 
e xXx = 0 
“хәл = 1 


e. хфу = xey = (ey) 
е ХОК is also commutative and associative 


XOR Implementation 


“ ХОК function сап be implemented using AND-OR-NOT gates, ог NAND 
gates only 


(a) Exclusive-OR with AND-OR-NOT gates 





(b) Exclusive-OR with NAND gates 


XOR usage 


e Only few Boolean functions сап be implemented/expressed using XOR 
gates 


* This function is used a lot in in digital system design 


* |t is useful in arithmetic operations and error detection/correction 


XOR = Odd Function 


“Тһе ХОК operation with three or more variables can be converted into 
an ordinary Boolean function by replacing the Ф with its equivalent 
Boolean expression 


“АФВФСА (АВ +A’B)C’ + (AB + A'B')C 
е АВ’С + А'ВС + ABC + А'В'С 
. 2(1, 2, 4, 7) 


* This function is equal to 1 only if one variable is equal to 1 or if all 
three variables are equal to 1. 


* This implies that ап odd number of variables must be one. This is 
defined as an odd function. 


Error Detecting Codes 






* Parity 
е One bit added to a group of bits to make the total number of 175 
(including the parity bit) even or odd 
4-bit Example 7-bit Example 
——~ SE 
* Even ер 0 0 6 01| 
Ф Odd 





e Good for checking single-bit errors 





Parity Generation and Checking 


e ХОК functions are very useful in systems requiring error-detection and 
correction codes. 


e A circuit that generates a parity bit is called a parity generator. 
e The circuit that checks the parity is called a parity checker. 
* Here is an example truth table ай абы ім p 








of even-parity generator E y x Ё 
0 0 0 0 
0 0 Ї 1 
0 ] 0 ] 
0 1 ] 0 
1 0 0 1 
1 0 1 0 
] ] 0 0 
] ] 1 1 


Parity Generator 


* Design even parity generator for 3-bit signal 

e Perhaps make truth table and K-Map 

e Draw with XOR, then sum-of-products w/ NAND gates 
* How do you design a detector? 


3-Bit Even Parity Bit Generator Implementation 


Three-Bit Message 


х 


_ к юы кю с оо © © 


< 


оо © © к но © 


7 


= СӘ EX гэ б Е © 


Parity Bit 


P 


ра О С ка OF в о 


d 


(a) 3-bit even-parity generator 


3-Bit Even Parity Bit Checker 


e We receive the original3 авс... ParityError 
inputs + the parity bit Цэ спее 








С с 
9 |f parity was violated the СЕ -- 
œo o o i 
Error bit should be 1 
0 0 1 1 0 
0 1 0 | 0 
0 1 1 0 0 
CT) 
1 0 0 1 0 
1 0 1 0 0 
Стэ 
1 1 0 0 0 
(1) 
1 1 1 1 0 


3-Bit Even Parity Bit Checker Implementation 


Four Bits Parity Error 
Received Check 
x y 2 Р с 
0 0 0 0 0 
0 0 0 1 1 
0 0 1 0 1 x 
0 0 1 1 0 
0 1 0 0 1 y 
0 1 0 1 0 
0 1 1 0 0 
0 1 1 1 1 < 
1 0 0 0 1 
1 0 0 1 0 Р 
1 0 1 0 0 (5) 4-bit even-parity checker 
1 0 1 1 1 
1 1 0 0 0 
1 1 0 1 1 
1 1 1 0 1 
1 1 1 1 0 


Thank You 
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CONTENTS 


> Combinational Circuits 
» Analysis Procedure 


» Design Procedure 


SA 
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Weekly Learning Outcomes 


1. Describe Combinational Circuits 
2. Design Combinational Circuits 
3. Given its logic diagram, know how to analyze a 


combinational logic circuit 


ҚАМТУ С АУ АЛ 


Required Reading 


1. Chapter 3 (4.1 to 4.4) 
(Digital Design with An Introduction to the Verilog HDL, 
VHDL and System Verilog) 


Recommended Reading 

1. Chapter 6 

(Digital Logic for Computing) (John Seiffertt Digital Logic for 
Computing) 


SATIRE | 


This Presentation is mainly dependent on the textbook: Digital Design with An Introduction to the Verilog HDL, VHDL and System Verilog by Mano and Ciletti, 


Introduction 
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Combinational Circuits 


e Logic circuits for digital systems may be combinational ог 


sequential. 

* Acombinational circuit consists of logic gates whose outputs at 
any time are determined from only the present combination of 
inputs. 


e Acombinational circuit performs an operation that can be 


specified logically by a set of Boolean functions. 


Combinational Circuits 


A combinational circuit consists of an interconnection of logic gates. 
Combinational logic gates react to the values of the signals at their 
inputs and produce the value of the output signal, transforming 
binary information from the given input data to a required 


output data. 


Block Diagram of Combinational Logic 







Combinational 


: і т outputs 
circuit P 


n inputs —— c 


The n input binary variables come from an external source; the m 
output variables are produced by the internal combinational logic 
circuit and go to an external destination. 


Combinational Logic 


Each input and output variable exists physically as an analog signal 
whose values are interpreted to be a binary signal that represents 
logic 1 and logic О. 

** Note: Logic simulators show only 075 and 1’s, not the actual analog 


signals. 


Combinational Logic 


For n input variables, there are 2n possible combinations of the binary 
inputs. For each possible input combination, there is one possible 
value for each output variable. Thus, a combinational circuit can be 
specified with a truth table that lists the output values for each 


combination of input variables. 


A combinational circuit also can be described by m Boolean functions, 
one for each output variable. Each output function is expressed in 


terms of the n input variables. 


Analysis Procedure 
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Analysis Procedure 


If the logic diagram to be analyzed is accompanied by a function name 
or an explanation of what it is assumed to accomplish, then the 


analysis problem reduces to a verification of the stated function. 


The analysis can be performed manually by finding the Boolean 


functions or truth table or by using a computer simulation program. 


Analysis Procedure 


The first step in the analysis is to make sure that the given circuit is 
combinational and not sequential. The diagram of a combinational 


circuit has logic gates with no feedback paths or memory elements . 


A feedback path is a connection from the output of one gate to the 
input of a second gate whose output forms part of the input to the 


first gate. Feedback paths in a digital circuit define a sequential circuit 


Analysis Procedure 


Once the logic diagram is verified to be that of a combinational 
circuit, one can proceed to obtain the output Boolean functions or 
the truth table. If the function of the circuit is under investigation, 
then it is necessary to interpret the operation of the circuit from the 


derived Boolean functions or truth table. 


Analysis Procedure 


To obtain the output Boolean functions from a logic diagram, we proceed as follows: 
1. Label all gate outputs that are a function of input variables with arbitrary symbols— 
but with meaningful names. Determine the Boolean functions for each gate output. 

2. Label the gates that are a function of input variables and previously labeled gates 
with other arbitrary symbols. Find the Boolean functions for these gates. 

3. Repeat the process outlined in step 2 until the outputs of the circuit are obtained. 
4. By repeated substitution of previously defined functions, obtain the output 


Boolean functions in terms of input variables. 


Analysis Procedure - Example 


Analysis Procedure - Example 


The circuit has three binary inputs—A, В, and С- апа two binary 
outputs—F1 and F2. The outputs of various gates are labeled with 
intermediate symbols. 


The outputs of gates that are a function only of input variables are 


Т1 and 72. 
Е, = AB + AC + BC 
Т =A+B+C 


Г, = ABC 


Analysis Procedure - Example 


Next, we consider outputs of gates that are a function of already 
defined symbols: 


[3 = Foal 
Е = ТГ; + Т» 


To obtain F1 as a function of А, В, апа С, we form a series of 


substitutions as follows: 


Analysis Procedure - Example 


Е, = Ty + Т, = ЕТ, + ABC = (AB + AC + ВО) (А + B + C) + ABC 
= (А' + B')(A' + C')(B' + C(A +B +C) + ABC 
= (A' + В'С')(АВ' + AC' + BC' + B'C) + ABC 
= A'BC' + A'B'C + AB'C' + ABC 


Analysis Procedure 


Merely finding a Boolean representation of a circuit doesn’t provide 
insight into its behavior, but in this example we will observe 


that the Boolean equations and truth table for F1 and F2 


To obtain the truth table directly from the logic diagram without 
going through the derivations of the Boolean functions, we proceed 


as follows: 


Analysis Procedure 


1. Determine the number of input variables in the circuit. For n inputs, form the 2” 
possible input combinations and list the binary numbers from 0 to (2" — 1) ina 

table. 

2. Label the outputs of selected gates with arbitrary symbols. 

3. Obtain the truth table for the outputs of those gates which are a function of the 
input variables only. 

4. Proceed to obtain the truth table for the outputs of those gates which are a function 


of previously defined values until the columns for all outputs are determined. 


Analysis Procedure 


D = =з © 


= > о © 


C = I = 


Design Procedure 
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Design Procedure 


The design of combinational circuits starts from the specification of 
the design objective and culminates in a logic circuit diagram or a set 
of Boolean functions from which the logic diagram can be obtained. 


The procedure involves the following steps: 


Design Procedure 


1. From the specifications of the circuit, determine the required 
number of inputs and outputs and assign a symbol to each. 

2. Derive the truth table that defines the required relationship 
between inputs and outputs. 

3. Obtain the simplified Boolean functions for each output as a 
function of the input variables. 

4. Draw the logic diagram and verify the correctness of the design 


(manually or by simulation). 


Design Procedure - Code Conversion Example 


To convert from binary code A to binary code B, the input lines must 
supply the bit combination of elements as specified by code A and the 
output lines must generate the corresponding bit combination of code 


B. 


A combinational circuit performs this transformation by means of 
logic gates. The design procedure will be illustrated by an example 
that converts binary coded decimal (BCD) to the excess-3 code for the 


decimal digits. 


Design Procedure - Code Conversion Example 


The bit combinations assigned to the BCD and excess-3 codes are listed in the Table 


Decimal BCD 
Digit 8421 2421 Excess-3 8, 4, -2,-1 

0 0000 0000 0011 0000 
1 0001 0001 0100 0111 
2 0010 0010 0101 0110 
3 0011 0011 0110 0101 
4 0100 0100 0111 0100 
5 0101 1011 1000 1011 
6 0110 1100 1001 1010 
7 0111 1101 1010 1001 
8 1000 1110 1011 1000 
9 1001 1111 1100 1111 
1010 0101 0000 0001 
Unused 1011 0110 0001 0010 
bit 1100 0111 0010 0011 
combi- 1101 1000 1101 1100 
nations 1110 1001 1110 1101 


1111 1010 1111 1110 


Design Procedure - Code Conversion Example 


Since each code uses four bits to represent a decimal digit, there 


must be four input variables and four output variables. 
Truth Table for Code Conversion Example 


Input BCD Output Excess-3 Code 
A B с D w x ү РА 
0 0 0 0 0 0) | | 
ü 0 0 1 0 1 0 0 
ü 0 | 0 0 1 0 | 
0 0 1 1 0 1 1 0 
0 1 0 0 0 1 | 1 
0 1 0 1 1 0 0 0 
0 1 ] 0 ] 0 0 1 
0) | 1 1 1 0) ] ü 
1 0 0 0 1 0 ] ] 
1 0 0 1 1 1 0 0 


Design Procedure - Code Conversion Example 


Note that four binary variables may have 16 bit combinations, but 
only 10 are listed in the truth table. The six bit combinations not 
listed for the input variables are don’t-care combinations. These 
values have no meaning in BCD and we assume that they will never 


occur in actual operation of the circuit. 


Design Procedure - Code Conversion Example 





D 
х= ВС+В'Р + ВС" w= 4 + BC+ BD 


Design Procedure - Code Conversion Example 











уа CD + СТ 


Design Procedure - Code Conversion Example 


Each one of the four maps represents one of the four outputs of the 
circuit as a function of the four input variables. The 1’s marked 
inside the squares are obtained from the minterms that make the 
output equal to 1. The 1’s are obtained from the truth table by going 


over the output columns one at a time. 


Design Procedure - Code Conversion Example 


For example, the column under output z has five 1’s; therefore, the 
map for z has five 1’s, each being in a square corresponding to the 
minterm that makes z equal to 1. The six don’t-care minterms 10 


through 15 are marked with an X. 


Design Procedure - Code Conversion Example 


"HN 

у = CD+C'D' = CD + (CAD) 

x = В'С + B'D + BC'D' = B'(C4 D) + BC'D' 
= B'(C + D) + B(C + D) 

w=A+BC+BD=A+B(C+D) 


The logic diagram that implements these expressions is shown in next slide. 


Design Procedure - Code Conversion Example 


>? 
p шоо ср г» ‚ 
Le yk 
I" Ёна 
|» 
| — — ED 


Thank You 
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CONTENTS 


> Binary Adder-Subtractor 
> Decimal Adder 
> Binary Multiplier 


Р Magnitude Comparator 


Ка УЛ АА АТ ЗІ 


Weekly Learning Outcomes 


1. Design Binary Adder-Subtractor 
2. Understand Decimal Adder 
3. Describe the functionality of Binary Multiplier and 


Magnitude Comparator 


ҚАМТУ С АУ АЛ 


Required Reading 


1. Chapter 4 (4.5 to 4.8) 
(Digital Design with An Introduction to the Verilog HDL, 
VHDL and System Verilog) 


Recommended Reading 

1. Chapter 7 

(Digital Logic for Computing) (John Seiffertt Digital Logic for 
Computing) 


SATIRE | 


This Presentation is mainly dependent on the textbook: Digital Design with An Introduction to the Verilog HDL, VHDL and System Verilog by Mano and Ciletti, 


Binary Adder-Subtractor 


ҚУАТТАУ А АА Ы) 


Binary Adder-Subtractor 


Digital computers perform a variety of information-processing tasks. 
Among the functions encountered are the various arithmetic operations. 


The most basic arithmetic operation is the addition of two binary digits. 


This simple addition consists of four possible elementary operations: 0 + 0 
=0,0+1=1, 1+0 = 1, апа 1 + 1 = 10. The first three operations produce 
а sum of one digit, but when both augend and addend bits are equal to 1, 
the binary sum consists of two digits. The higher significant bit of this 


result is called a carry. 


Binary Adder-Subtractor 


Half Adder 


When the augend and addend numbers contain more significant 
digits, the carry obtained from the addition of two bits is added to the 
next higher order pair of significant bits. A combinational circuit that 
performs the addition of two bits is called a half adder. 


Full Adder 


One that performs the addition of three bits (two significant bits and 


a previous carry) is a full adder. 


Binary Adder-Subtractor 


Binary adder-subtractor 


A binary adder-subtractor is a combinational circuit that performs 


the arithmetic operations of addition and subtraction with binary 


numbers. 


Half Adder 


Circuit needs two binary inputs and two binary outputs. The 
input variables designate the augend and addend bits; the output 


variables produce the sum and carry. 


We assign symbols x and у to the two inputs and 5 (for sum) and 
C (for carry) to the outputs. The C output is 1 only when both 
inputs are 1. The 5 output represents the least significant bit of 


the sum. 


Half Adder — Boolean Function 
The simplified Boolean functions for the two outputs can be 
obtained directly from the truth table. The simplified sum-of- 
products expressions are 

5 = x'y + ху! 


С = ху 


The truth table for the half adder is listed in next slide. 


Half Adder — Truth Table 

















Р 











Half Adder 
ху к 
0 0 0 0 
0 1 0 1 
1 0 0 1 
1 1 1 0 





Truth Table for Half Adder 


Half Adder — Logic Diagram 





Half Adder — Logic Diagram 


It can be also implemented with an exclusive-OR and an AND gate as 
shown below. 





(b)S=x@y 
С = ху 


Full Adder 


e A full adder is a combinational circuit that forms the arithmetic sum of 
three bits. 


e [С consists of three inputs and two outputs. Two of the input variables, 
denoted by x and y, represent the two significant bits to be added. The 
third input, z, represents the carry from the previous lower significant 


position. 


* Two outputs are necessary because the arithmetic sum of three binary 
digits ranges in value from O to 3, and binary representation of 2 or 3 


needs two bits. 


Full Adder 

* The two outputs are designated by the symbols S for sum and С 
for carry. 

* The binary variable S gives the value of the least significant bit of 
the sum. 


* The binary variable С gives the output carry formed by adding the 


input carry and the bits of the words. 


Full Adder - Boolean Function 


When all input bits are 0, the output 15 0. The S output is equal to 1 
when only one input is equal to 1 or when all three inputs are equal 
to 1. The C output has a carry of 1 if two or three inputs are equal to 
1. 


The simplified expressions are 


Full Adder - Truth Table 


Full Adder 





Full Adder - Map 





(a) = ху? + хуг + ху = + ху (b) С = ху + XZ + yz 


Full Adder - Logic Diagram (Sum of Product) 





Full Adder - Logic Diagram 


It can also be implemented with two half adders and one OR gate 








| | шиль 1 (x OQ y)z t xy 


Full Adder - Logic Diagram 


The 5 output from the second half adder is the exclusive-OR of z and 


the output of the first half adder, giving 

5 = &® (хФу) 
z'(xy' + x'y) + z(xy' + хуу 
z'(xy' + x'y) + z(xy + x'y') 
= xy'z' + x'yz' + xyz + x'y'z 


The carry output is 


С = 2(ху' + xy) t xy = xy'z + x'yz + xy 


Binary Adder 


A binary adder is a digital circuit that produces the arithmetic 


sum of two binary numbers. 


It can be constructed with full adders connected in cascade, with 
the output carry from each full adder connected to the input 


carry of the next full adder in the chain. 


Binary Adder - Implementation 
Binary Adder can be implemented with 
1. Chain of n full adders or 


2. Chain of one-half adder and (n – 1) full adders 


Binary Adder - Example 


e Interconnection of four full-adder (FA) circuits to provide а four-bit 


binary ripple carry adder is shown in next slide. 


* The augend bits of A and the addend bits of В are designated by 
subscript numbers from right to left, with subscript 0 denoting the 


least significant bit. 
e The carries are connected in a chain through the full adders. 


e The input carry to the adder is Co, and it ripples through the full 
adders to the output carry Са. The 5 outputs generate the required 


sum bits. 


Binary Adder - Four-bit adder 


Ву А. В, А; В. 





Ci 





Binary Adder - Four-bit adder 


Consider the two binary numbers A = 1011 and B = 0011. Their sum 


5 = 1110 is formed with the four-bit adder as follows: 











Subscript і: 3 2 1 0 

Input carry 0 1 1 0 С, 

Augend | 0 1 1 А, 

Addend 0 0 1 1 В, 

Sum 1 1 1 0 5, 

Output carry 0 0 1 1 С 


Binary Adder - Four-bit adder working 


* The bits are added with full adders, starting from the least significant 


position (subscript 0), to form the sum bit and carry bit. 


* The input carry Co іп the least significant position must be 0. The value 
of Ci+1 in a given significant position is the output carry of the full 
adder. This value is transferred into the input carry of the full adder 


that adds the bits one higher significant position to the left. 


* The sum bits аге thus generated starting from the rightmost position 
and are available as soon as the corresponding previous carry bit is 


generated. 


Propagation Delay 


* The total propagation time is equal to the propagation delay of a 


typical gate, times the number of gate levels in the circuit. 


* The longest propagation delay time in an adder is the time it 


takes the carry to propagate through the full adders. 


e The carry propagation time is an important attribute of the adder 


because it limits the speed with which two numbers are added. 


Propagation Delay 


1. An obvious solution for reducing the carry propagation delay time 
is to employ faster gates with reduced delays. However, physical 
circuits have a limit to their capability. 

2. Another solution is to increase the complexity of the equipment 
in such a way that the carry delay time is reduced. 

There are several techniques for reducing the carry propagation 
time in a parallel adder. The most widely used technique employs 


the principle of carry lookahead logic. 


Propagation Delay 


Consider the circuit of the full adder shown below 





Propagation Delay 


ІГ we define two new binary variables 

Р, = A; B, 

G; = AB; 
the output sum and carry can respectively be expressed as 

5, = Р.Ф С, 

Сын ан G; T PC, 

Gi is called a carry generate, and it produces a carry of 1 when both 
Ai and Bi are 1, regardless of the input carry Ci. Pi is called a carry 


propagate. 


Propagation Delay 
Boolean functions for the carry outputs of each stage and substitute 


the value of each Ci from the previous equations 
Со = input carry 


С; = Go + Po 
C; = Gi + Р.С, = Gi + Р (Go + PoCo) = Gi + Py Go + РРС 
Сз = б» + РС = Gy + Рб: ҒР;Р бо = PrP, PoCo 


Four-bit adder with a carry lookahead scheme is shown in next slide. 


Propagation Delay 





Binary Subtractor 


Ф The subtraction of unsigned binary numbers can be done most conveniently by 


means of complements. 


Ф Subtraction А - В can be done by taking the 275 complement of В and adding it to 
A. The 2’s complement can be obtained by taking the 175 complement and adding 1 
to the least significant pair of bits. The 1’s complement can be implemented with 


inverters, and a 1 can be added to the sum through the input carry. 


* The addition and subtraction operations can be combined into one circuit with 


one common binary adder by including an exclusive-OR gate with each full adder. 


Four Bit Adder-Subtractor 


В, Ay В, ET 





Decimal Adder 


SEMIS 


Decimal Adder — BCD Adder 


* Consider the arithmetic addition of two decimal digits in BCD, 
together with an input carry from a previous stage. Since each input 
digit does not exceed 9, the output sum cannot be greater than 9 + 9 


+ 1 = 19, the 1 іп the sum being an input carry. 


• Suppose we apply two BCD digits to a four-bit binary adder. The adder 
will form the sum in binary and produce a result that ranges from O 


through 19. 


Decimal Adder — BCD Adder 


Decimal 


BCD Sum 


Binary Sum 


21 


ы SSS чл uu D О €^ 


тэсгштэсшэ-сгштэ-эгэт-| 


0 
0 
1 


ee ә 


0 
1 
0 


ое боце б 


=з СЭ С а Маа 


эгээ 21 3 гч 


= = = Д © сл ші © чш 


ее 


10 
11 
12 
13 
14 
15 


2 D а 


ое 


16 


0 


17 
18 
19 


Decimal Adder — BCD Adder 


The problem is to find a rule by which the binary sum is converted to 
the correct BCD digit representation of the number in the BCD sum. 
The condition for a correction and an output carry can be expressed by 


the Boolean function 
С = K fi i fala + ЎЎ» 


When C = 1, it is necessary to add 0110 to the binary sum and provide 


an output carry for the next stage 


Decimal Adder — BCD Adder (Block Diagram) 


Addend Augend 


Carry 
in 





Binary Multiplier 


SEIS 


Binary Multiplier - Introduction 


* Multiplication of binary numbers is performed in the same way as 
multiplication of decimal numbers. The multiplicand is multiplied by 
each bit of the multiplier, starting from the least significant bit. Each 


such multiplication forms a partial product. 
• Successive partial products are shifted one position to the left. 


“Тһе final product is obtained from the sum of the partial products. 


Binary Multiplier - Implementation 


Multiplication Process 


В, В, 
А: Ай 
АВ, Ар 
А18, Ahi 


C ғ 6 C» 


- Diagram 
lag 
lock 
Itiplier - B 
Mu 
inary 
Bina 


А 


Ay - 





Magnitude Comparator 


ҚУАТТАУ А АА Ы) 


Magnitude Comparator 


“Тһе comparison of two numbers is an operation that determines 
whether one number is greater than, less than, or equal to the other 


number. 


“А magnitude comparator is a combinational circuit that compares two 
numbers A and B and determines their relative magnitudes. The 
outcome of the comparison is specified by three binary variables that 


indicate whether > В, А = В, огА < В. 


Four-bit Magnitude Comparator 


Consider two numbers, A and B, with four digits each. Write the coefficients of the 


numbers in descending order of significance: 


A= Аз А» А, Ад 
В = B, B- В, В, 


Each subscripted letter represents one of the digits in the number. The two 
numbers are equal if all pairs of significant digits are equal: Аз = Вз, А? = B2, A1 = ВІ, 


and Ao = Bo. 


Four-bit Magnitude Comparator 


When the numbers are binary, the digits are either 1 or O, and the 
equality of each pair of bits can be expressed logically with an exclusive- 


NOR function as 


= А,В + A;B; fori = 0,1,2,3 
where xi = 1 only й IT спе pair от pits іп position / are equal 


* For equality to exist, all xi variables must be equal to 1, a condition 
that dictates an AND operation of all variables: 


(А = B) халха 


Four-bit Magnitude Comparator 


* To determine whether A is greater or less than В, we inspect the relative 
magnitudes of pairs of significant digits, starting from the most significant 


position. 


• If the two digits of a pair are equal, we compare the next lower significant 
pair of digits. The comparison continues until a pair of unequal digits is 


reached. 
e |f the corresponding digit of A is 1 and that of В is 0, we conclude that 


A »B and vice versa. 


Magnitude Comparator 


The sequential comparison can be expressed logically by the 

two Boolean functions 
(A > B) = A,B, + хұА-В; + хх. В + ххх) А,В, 
(A =< B) = А.В. хчА.В- + хх АВ, + хх А нд Bo 


Magnitude Comparator — Logic Diagram 


г g 404 


(A CH) 








ІП 


(A> ну 


Ы О 


| 


1 


(A = н) 


Thank You 
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Weekly Learning Outcomes 


1. Learn the basics of decoders what are they used for, 
how do they work, and how to create a decoder 

2. Learn the basics of encoders what are they used for, 
how do they work, and how to create an encoder 

3. Learn the basics of multiplexers what are they used for, 
how do they work, and how to create a multiplexer 

4. Learn how to design a Boolean function using decoders 
and multiplexers 


SATUS] 


Required Reading 


1. Chapter 4 (Sections 4.9- 4.11) (Digital Design with An 
Introduction to the Verilog HDL, VHDL and System 


Веб пед Reading 
1. Chapters 12, Chapter 13 (рр 185-192) (John Seiffertt Digital 
Logic for Computing) 


ҚУАТ УЛ АУ АРАЛ 


Central Processing Unit (CPU) 


clock 


Cone) | Сеа) аг 
Input/Output 


Any CPU consists of two main parts: 


Data/Instructions/ code 
All in 01010010010 









* Datapath Unit: Arithmetic/Logic Operation 


* Control Unit: Sends control signals to datapth to perform certain 


operations. 
Source: Dr. S. Areibi class notes 


Decoders and Multiplexors 


e Decoders and Multiplexors аге 
important components and 
fundamental circuits that are 
found in any Central Processing 
Unit (CPU) 

‚ Multiplexors are used to select 
certain registers to act as operands 
(inputs) to the Arithmetic/Logic 
Unit 
Decoders are used to enable 


registers to write the results back 
into the registers. 


Source: Dr. S. Areibi class notes 
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S 
X3 
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Decoders 


ҚУАТ УЛ АУ АРАЛ 


Devices on a Bus 


* Assume we һауе 4 devices that needs to put its data on а Bus 

“ Only one device has to be active at a time (і.е. writes info on the bus)! 

Ф Acontrol signals “wires” from the Control Unit are needed to enable each device 

e |f Lr devices are to be attached to the bus then we will need many more wires coming out of the control 
unit!! 


Enable 


Disable 





Disable 









Disable 





Address Decoding 


е 4 devices need to write data to the Bus 
* Only one device has to be active at a time! 
* But! What if we have only 2 wires available from control unit 


2X4 


decoder 


Truth Table 


А; Ag 








Decoders 


* Are circuits with n inputs and 2" outputs 
* Drives high the output corresponding to binary code of input 
* Several Applications: Address Decoding, ... 





2-to-4 Line Decoder 


* Notice they аге minterms Plane of AND Gates 





Шы с 
A, Ao | Dy р, D; р, 


Do = Aj Ао 


2х4 
decoder 





Other Decoders 


Examples: 
> 3-to-8 Decoder 
4-to-16 Decoder 


Binary to Octal, Binary to Hex, e.t.c 


3 3x8 8 4 4-to-16 


decoder 


Line 
Decoder 


чо mm sw wp = о 





Truth Table, 3-to-8 Decoder 


e Example: Binary to Octal, Binary to Hex, e.t.c 


Inputs Outputs 


кі -і ра ра ООО о 

рэз һа 0 OF KF О c 
аб к о мок осм 
Q бЭ ©). кә: OC XD 


0 0 0 0 


Binary to Octal, Notice they are minterms 


3x8 


decoder 


ч О MN ы б NY ғ. о 





3-to-8 Line Decoder Schematic 





2-to-4 with Enable 





(b) 


Why use an Enable? 


Ena 





for Expansion 


A 3-to-8 Decoder can be realized using two 
2-to-4 line decoders with an enable 


D4 
Ds 
De 
D7 


Usage for Decoders 


Ф Binary to Octal/Hex converters. 


Ф Selecting memory banks, for example 4 memory banks сап be 
selected individually using 2 address lines. 


• Implementing logic circuits! 


* Decoders are used in Micro Computer Interfacing for Keyboard and 
Display applications. 


Address Decoding 





e Implementing logic with Decoders 


SEMIS 


Decoders as General-purpose Logic 


e 11:27 decoder implements any function of n variables 
e With the variables used as control inputs 
e Enable inputs tied to 1 and 
* Appropriate minterms summed to form the function 








Decoder generates appropriate 
minterm based on control signals 
(it "decodes" control signals) 























Decoders as General-purpose Logic 


* Example: Implement the following Boolean functions 


e S(x, у, 2) = SUM(m(1,2,4, 7)) 


e C(x, y, z ) = SUM(m(3,5,6,7)) 





Bami —— е 
--4 — | (452 
































Since there аге three inputs, 
we need a 3-to-8-line 
decoder. 


The decoder generates the 
eight minterms for inputs x, 
у, 2 


We choose only the minterms 
that we need for a function 
(S) or (C) 


An OR GATE forms the logical 
sum minterms required. 


Decoders as General-purpose Logic 


e S(x, у, 2) = SUM(m(1,2,4, 7)) 
































Decoders as General-purpose Logic 
A Single Decoder can implement both “5” and “С” with two OR Gates 


Ф C(x, y, 2) = SUM(m(3,5,6, 7)) 
























































Decoders as General-purpose Logic 
A Single Decoder can implement both “5” and “С” with two OR Gates 
• S(x, у, 2) = SUM(m(1,2,4,7)) 


e C(x, y, 2 ) = SUM(m(3,5,6,7)) 


















































Example 
e F,=A'BC'D+A'B'CD+ABCD 
F,(A,B,C,D) = SUM(m(3,5,15)) 
Therefore, we will need a 4-to-16 line decoder 


АВСТ! 
А'В'СО 


A'B'CD' | | )— F1 
A'B'CD 


Enable 


0 
1 
2 
3 
4 
5 
6 
7 
8 
9 


Need to show that 
variable A (MSB) needs 
to be connected to MSB 


of the Decoder ын 





Encoders 


ҚУАТ УЛ АУ АРАЛ 


Encoder 


* Encoder is the opposite of decoder 
• 2" inputs (or less - maybe BCD in) 
* n outputs 

e Examples: 
* Octal to binary conversion 


* Hexadecimal to binary conversion 


Octal to Binary Encoder 
You can think of the inputs as the 8 Octal digits 


| 


Inputs 


D D, г D, D, D, D, D, A; 


Only one input is active at a time 


Outputs 


А, 


Design of Encoder 


e z= р1 + 03 + 05 + 07 


Inputs 


0 
0 
0 
0 
0 
0 
0 


Multiplexors 


ҚУАТ УЛ АУ АРАЛ 


Multiplexer (or Mux) 


Ф Selects one of a set of inputs to pass 
on to output 


* For Every 2^ inputs we need n select 
lines 


* Applications: Useful for choosing 
from sets of data 





* Memory or register to ALU 


Multiplexors 


Load enable A select B select 


* The Multiplexor in the register file 
allows one of the four registers RO, 
R1, R2, R3 to move its contents to 
the Function Unit 


* The Multiplexor in the Function Unit 
allows the user to choose between 
the ALU and Shifter to move data : шызая 
back to the Register File. : 





Address Out 
Data Out 


2-Input Multiplexer 


Structure: 


A Plane of AND Gates 





Followed by an OR Gate 


0 
0 
| 
| 
0 
| 
0 
| 





4-to-1 Line Multiplexer 


= Function table 





Quad 2-to-4 Line Mux 


e Select one set of 4 
lines 





e Implementing logic with Multiplexer 


АЖ Л І АА Ы) 


Implementing Logic 


o 2:1 multiplexer implements any function of n variables 
1. With the variables used as control inputs and 


2. Data inputs tied to 0 or 1 (The DO-D3 are wired to the values of F 
as logic High or Low) 


3. In essence, a lookup table 
o Example: F(A,B) = mO + m2 
= А'В' т АВ” Function table 

















Muxes as General-purpose Logic 


Ф 2:1 multiplexer implements any function of n variables 
* With the variables used as control inputs and 
e Data inputs tied їо 0 or 1 


amare изипизип 


Ф Example: F(A,B,C) = mO + m2 + тб + m7 
= A'B'C' + А'ВС' + АВС + ABC 


ҮШ! 


1 


e e e e O O O O 
e e O O e ке O O 
e BM Б EOF > в FS 





Muxes as General-purpose Logic 


Ф 2™1:1 mux сап implement any function of n variables 

* With n-1 variables used as control inputs and 

* Data inputs tied to the last variable or its complement 
* Example: 


e F(A,B,C) = т0 + m2 + тб т? 
= А'В'С' + А'ВС + АВС + АВС 


Not Optimized 
How to use a 4:1 MUX Instead? 


Use inputs A, B as the 
selection lines for the 4:1 
МОХ since we will only 
have two selection lines 
Find a relationship 
between C (the third 
input) and F 


sb eb OOO wb оз 





52 51 50 


Е 
1 
0 
1 
0 
0 
0 
1 
1 





Muxes as General-purpose Logic 


e 21:1 mux can implement any function of n variables 

e With n-1 variables used as control inputs and 

e Data inputs tied to the last variable or its complement 
* Example: 


e F(AB,C) = т0 + m2 + тб + m7 
= A'B'C' + А'ВС' + АВС' + ABC 


Not Optimized 
How to use a 4:1 MUX Instead? 





Е : Optimized 
1 2 | 
0 3 Е и C' 
0 4 С 
0 5 0 
1 6 0 1 
1 7 
52 51 50 | A Ів 





Thank You 
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CONTENTS 


> Sequential Circuits 
> Storage Elements: Latches 


> Storage Elements: Flip-Flops 


SA 


TYAN) 


Weekly Learning Outcomes 


1. Know how to distinguish a sequential circuit from a 
combinational circuit. 

2. Understand the functionality of a SR latch, transparent 
latch, D flipflop, JK flip-flop, and T flip-flop. 

3. Know how to use the characteristic table and 


characteristic equation of a flip-flop. 


ҚАМТУ АО АУ АЛ 


Required Reading 


1. Chapter 5 (5.1 to 5.4) 
(Digital Design with An Introduction to the Verilog HDL, 
VHDL and System Verilog) 


Recommended Reading 

1. Chapter 11 

(Digital Logic for Computing) (John Seiffertt Digital Logic for 
Computing) 


SATIRE | 


This Presentation is mainly dependent on the textbook: Digital Design with An Introduction to the Verilog HDL, VHDL and System Verilog by Mano and Ciletti, 


Sequential Circuits 


SEMIS 


Sequential Circuits - Introduction 


e The digital circuits considered so far have been combinational—their 
output depends only and immediately on their inputs—they have no 


memory, i.e., dependence on past values of their inputs. 


* Sequential circuits, however, act as storage elements and have 
memory. They can store, retain, and then retrieve information when 


needed at a later time. 


Sequential Circuits - Introduction 


e Hand-held devices, cell phones, navigation receivers, personal 
computers, digital cameras, personal media players, and virtually all 
electronic consumer products have the ability to send, receive, store, 


retrieve, and process information represented in a binary format. 


* The technology enabling and supporting these devices is critically 
dependent on electronic components that can store information, i.e., 


have memory. 


Sequential Circuits - Block Diagram 





Inputs ————5» T Outputs 
Combinational 
circuit 
Memory 


elements 


Sequential Circuits 


e ІС consists of a combinational circuit to which storage elements 
are connected to form a feedback path. 

* The storage elements are devices capable of storing binary 
information. 


* The binary information stored in these elements at any given 


time defines the state of the sequential circuit at that time. 


Sequential Circuits 


The block diagram demonstrates that the outputs in a sequential 
circuit are a function not only of the inputs, but also of the 


present state of the storage elements. 


The next state of the storage elements is also a function of 
external inputs and the present state. Thus, a sequential circuit 
is specified by a time sequence of inputs, outputs, and internal 


states. 


Sequential Circuits - Types 


e Asynchronous sequential circuit is a system whose behavior 
can be defined from the knowledge of its signals at discrete 


instants of time. 


• The behavior of an asynchronous sequential circuit depends 
upon the input signals at any instant of time and the order in 


which the inputs change. 


а УЛ Ы АТ ЗУ 


Synchronous Sequential Circuits 


* Asynchronous sequential circuit employs signals that affect the 


storage elements at only discrete instants of time. 


• Synchronization is achieved by a timing device called a clock 
generator, which provides a clock signal having the form of a 


periodic train of clock pulses. 


e The clock signal is commonly denoted by the identifiers clock and 


clk. 


Sequential Circuits 


e The clock pulses determine when computational activity will occur within 
the circuit, and other signals (external inputs and otherwise) determine 
what changes will take place affecting the storage elements and the 


outputs. 


e For example, a circuit that is to add and store two binary numbers would 
compute their sum from the values of the numbers and store the sum at the 
occurrence of a clock pulse. Synchronous sequential circuits that use clock 


pulses to control storage elements are called clocked sequential circuits 


Flip Flops 


The storage elements (memory) used in clocked sequential circuits are 


called flipflops. 


A flip-flop is a binary storage device capable of storing one bit of 


information. In a stable state, the output of a flip-flop is either O or 1. 


A sequential circuit may use many flip-flops to store as many bits as 


necessary. 


The block diagram of a synchronous clocked sequential circuit is 


shown in next slide. 


Flip Flops 


Inputs - 





Outputs 


Combinational 


circuit 





Clock pulses - 


(a) Block diagram 


(b) Timing diagram of clock pulses 


Sequential Circuits: Latches 


SEMIS 


Storage Elements: Latches 


* Astorage element in a digital circuit can maintain a binary state 
indefinitely (as long as power is delivered to the circuit), until directed 


by an input signal to switch states. 


* The major differences among various types of storage elements are in 
the number of inputs they possess and in the manner in which the 


inputs affect the binary state. 


* Storage elements that operate with signal levels (rather than signal 
transitions) are referred to as latches; those controlled by a clock 


transition are flip-flops. 


SR Latch 


The SR latch is a circuit with two cross-coupled NOR gates or two cross- 


coupled NAND gates, and two inputs labeled S for set and R for reset. 
The latch has two useful states. 


When output О = 1 and Q' = 0, the latch is said to be in the set state. 
When Q=0 and Q' = 1, it is in the reset state. 
The SR latch constructed with two cross-coupled NOR gates is shown in 


the next slide. 


SR Latch - Logic Diagram 


The SA latch constructed with two cross-coupled NOR gates is shown below. 





BENE 
0 К (reset) - 


(a) Logic diagram 


SR Latch — Functional Table 


4 


C = СӘ m= рый 


R 





оо 


1 

1 (after 5 = 1, R = 0) 
| 

О (after $5 = 0, А = 1) 
1 (forbidden) 


(b) Function table 


SR Latch - Logic Diagram 


The SR latch with two cross-coupled NAND gates is shown below. 





(a) Logic diagram 


SR Latch - Functional Table 


En 5 R | Nextstate of Q 

0 X Мо change 

1 0 No change 

1 Т) O = ( reset state 
1 1 О = 1: set state 

1 1 Indeterminate 





(b) Function table 


SR Latch 


* Іп comparing the NAND with the NOR latch, note that the input 
signals for the NAND require the complement of those values used 
for the NOR latch. Because the NAND latch requires а 0 signal to 
change its state, it is sometimes referred to as an S'R' 


latch. 


* The primes (or, sometimes, bars over the letters) designate the 
fact that the inputs must be in their complement form to activate 


the circuit. 


Modified SR Latch 


The operation of the basic SR latch can be modified by providing an 
additional input signal that determines (controls) when the state of 
the latch can be changed by determining whether S and R (or S' and 


R') can affect the circuit. 


It consists of the basic SR latch and two additional NAND gates. The 
control input En acts as an enable signal for the other two inputs. 
The outputs of the NANDgates stay at the logic-1 level as long as 


the enable signal remains at O. 


Modified SR Latch - Logic Diagram 





(a) Logic diagram 


Modified SR Latch — Functional Table 


En 5 Next state of О 

0 Х No change 

1 0 Мо change 

1 0 (3 = 0: reset state 
1: 4 () = 1: set state 

1: d Indeterminate 





(b) Function table 


Modified SR Latch 


An indeterminate condition occurs when all three inputs are equal 
to 1. This condition places 075 on both inputs of the basic SR latch, 


which puts it in the undefined state. 


When the enable input goes back to 0, one cannot conclusively 
determine the next state, because it depends on whether the 5 or R 
input goes to 0 first. This indeterminate condition makes this circuit 


difficult to manage, and it is seldom used in practice. 


D Latch 


* One way to eliminate the undesirable condition of the 
indeterminate state in the SR latch is to ensure that inputs 5 and 
R are never equal to 1 at the same time. This is done in the D 


latch, shown in next slide. 


e This latch has only two inputs: Р (data) and En (enable). 


D Latch - Logic Diagram 





D 


En 


(a) Logic diagram 


D Latch - Functional Table 


En D | Next state of Q 





A | Nochange 
() = 0: reset state 


0 
1 
1 O = 1; set state 


m C 


(b) Function table 


D Latch - Functioning 


* The D input goes directly to the S input, and its complement is 
applied to the R input. As long as the enable input is at O, the cross- 
coupled SR latch has both inputs at the 1 level and the circuit 


cannot change state regardless of the value of D. 


e The D input is sampled when En = 1. If D = 1, the Q output goes to 1, 
placing the circuit in the set state. If D = 0, output О goes to О, 


placing the circuit in the reset state. 


Graphical Symbol for Latches 











Sequential Circuits: Flip Flops 


АЖ Л І ДҮ 


Storage Elements: Flip-Flops 


The state of a latch or flip-flop is switched by a change in the control 
input. This momentary change is called a trigger, and the transition it 


causes is Said to trigger the flip-flop. 


The problem with the latch is that it responds to a change in the /evel 


of a clock pulse. 


Flip-flop circuits are constructed in such a way as to make them 
operate properly when they are part of a sequential circuit that 


employs a common clock. 


Storage Elements: Flip-Flops 


* The key to the proper operation of a flip-flop is to trigger it only 


during a signal transition. 


* Aclock pulse goes through two transitions: from 0 to 1 and the 


return from 1 to О. 


* The positive transition is defined as the positive edge and the 
negative transition as the negative edge as shown in the next 


Slide. 


Storage Elements: Flip-Flops 


(a) Response to positive level 
(b) Positive-edge response 


(c) Negative-edge response 


Storage Elements: Flip-Flops 


There are two ways that a latch can be modified to form a flip-flop. 
1. One way is to employ two latches in a special configuration that 
isolates the output of the flip-flop and prevents it from being 


affected while the input to the flip-flop is changing. 


2. Another way is to produce a flip-flop that triggers only during a 
signal transition (from 0 to 1 or from 1 to 0) of the synchronizing 


signal (clock) and is disabled during the rest of the clock pulse. 


Edge Triggered D Flip-Flop 


The construction of a D flip-flop with two D latches and an inverter is 


shown below. The first latch is called the master and the second the 


slave. 


р. р р 
D latch D latch 
(master) (slave) 


| En 





СЇК 


Edge Triggered D Flip-Flop-Working 


e The circuit samples the D input and changes its output О only at the 
negative edge of the synchronizing or controlling clock (designated as 


Clk). When the clock is 0, the output of the inverter is 1. 


* Тһе slave latch is enabled, and its output Q is equal to the master 


output У. The master latch is disabled because СИ = 0. 


e When the input pulse changes to the logic-1 level, the data from the 


external D input are transferred to the master. 


Edge Triggered D Flip-Flop 


e The slave, however, is disabled as long as the clock remains at 
the 1 level, because its enable input is equal to 0. Any change in 
the input changes the master output at Y, but cannot affect the 


slave output. 


* When the clock pulse returns to 0, the master is disabled and is 
isolated from the D input. At the same time, the slave is enabled 
and the value of Y is transferred to the output of the flip-flop at 
Q. Thus, a change in the output of the flip-flop can be triggered 
only by and during the transition of the clock from 1 to О. 


Edge Triggered D Flip-Flop 


The behavior of the master-slave flip-flop just described dictates 


that 
(1) the output may change only once, 


(2) a change in the output is triggered by the negative edge of the 


clock, and 


(3) the change may occur only during the clock’s negative level. 


Edge Triggered D Flip-Flop 
Another construction of an edge-triggered D flip-flop uses three SR 
latches as shown next slide. 


e Two latches respond to the external D (data) апа Clk (clock) 


inputs. The third latch provides the outputs for the flip-flop. 


p 
lo 
(Б 

р- 

li 

[= 

red 

e 

g 

ig 

r 

т 
е 

© 

d 

E 


2 





Edge Triggered D Flip-Flop - Working 


e The 5 апа А inputs of the output latch are maintained at the 
logic-1 level when C/k = О. This causes the output to remain in its 


present state. 


e Input D may be equal toO or 1. If D = О when Clk becomes 1, А 
changes to O. This causes the flip-flop to go to the reset state, 
making О = О. If there is a change in the Р input while C/k = 1, 


terminal R remains at 0 because Q is 0. 


Edge Triggered D Flip-Flop 


Thus, the flip-flop is locked out and is unresponsive to further 
changes іп the input. When the clock returns to 0, R goes to 1, 
placing the output latch in the quiescent condition without changing 
the output. Similarly, if D = 1 when СК goes from О to 1, S changes 
to O. 

This causes the circuit to go to the set state, making Q = 1. Any 


change in D while Clk = 1 does not affect the output. 


Thank You 
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Weekly Learning Outcomes 


1. 
2. 
3. 


Describe a sequential circuit in terms of a state equation 
Learn how to write a state table for a sequential circuit 
Learn how to draw a state diagram for a sequential 
circuit 


. Learn how to simplify a sequential circuit design to 


reduce the number of logic gates needed 


. Learn the design process for a sequential circuit using 


different sequential circuit building blocks (D flip-flops, 
JK flip-flops, T flip-flops) 


SATUS АУ АЛ 


Required Reading 


1. Chapter 5 (Sections 5.5, 5.7, 5.8) (Digital Design with 
An Introduction to the Verilog HDL, VHDL and System 


Веб пед Reading 
1. Chapters 17 (John Seiffertt Digital Logic for Computing) 
2. https://www.youtube.com/watch?v-HXG YPVNIsM 


МАМАМА 


Analysis vs. design 


Ф The analysis of a sequential circuit starts from a 
circuit diagram and finishes with a state table or a 
state diagram 


* The design of a sequential circuit starts from a set of 
specifications from which a state diagram is obtained 
and finally the circuit diagram 


Characteristic tables 


° Sequential circuits typically use one of the flip-flop types that we discussed 
in a previous lecture 








e To analyze the behavior of 
sequential circuits we will need 
the characteristic tables of 
these flip-flops 





No change 
Reset 

Set 
Complement 





Q(t + 1) 


О(1) No change 
О'() 






Cpmplement 





* Recall Characteristic Tables: given the input determine the-néxt state 


Analysis of Sequential circuits 


* The behavior of a sequential circuit is determined by: 
* Inputs 
* Present state of the circuit 
* Outputs 
* The analysis of a sequential circuit consists of : 
* Deriving the Input Equations to the Flip-Flops 
* Getting the State Table 


* Obtaining the State Diagram, which demonstrates the time 
sequence of inputs, outputs, and states 


Analysis example 
АЗ УЛ УАН АЛ 


Step 1: Derive Input Equations 


* Describe the inputs to the flip-flop using logic equations 





Another Example (Derive Input Equations) 


шир ини — = a, 
-” ~, 
- SS 


N Da=(AX+BX) 






2" 
2 


Dg = (AX) 


= - 
">... 


У = (A + B)X 


Analysis: Input Equation 
ҚУАН УЛ УА АРАЛ 


Input Equation 


• Тһе input equation 
9 Imply the type of flip-flop from the letter symbols 


* Fully specify the combinational circuit that drives the flip 
flops 


Input Equation 


* Note that in the previous circuit to determine the next state it used 
* Present state (A, B, ...) 
* And the input (X) 

* To determine the output, it also used 
* Present state (A, B, ...) 
* And the input (X) (complemented) 

















• Synchronous circuit (clock driven) 





D, — (AX 4 BX) 











Dg = (AX) 


Y = (A + B)X 


Analysis: State Table 
АЗ УЛ УАН АЛ 


Step 2: State Table 


* Like the truth table but with state added 


e A sequential circuit with т FFs and n inputs needs 2™" rows 























* Next state and output are determined аа 
Input Equations 
Left side (input) Right side (State, Output) 
Present Next 
| State | Input State Output 

A В x A B 

0 0 i | 

0 1 0 0 0 | 

0 1 l 1 І 0 

1 0 0 0 0 

1 0 1 1 0 0 Bn 

1 1 0 0 0 р» 
1 1 1 го 0 D4 = (АХ + ВХ) Dg-(AX) y=(A+B)X 


Step 3: State Diagram (Mealy Model) 


















































У 
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1 
О 
1 
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1 
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HORORO 
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[> 


Mealy Model - outputs depends on inputs and States 


Sequential Circuit Types 














Moore Model — outputs Mealy Model — outputs 
depends on states only depends on inputs & states 


У = (А + B)X 


State Diagram : More 


ху, XY , —-|nputs ху, ху 


00,11 01,10 ху, ху 


00,11 





State/Output ху, ху 
01,10 


Present Next 
state Inputs state Output 


A xy A Z 





Clock 





Moor vs. Mealy Machine 


* Moore Machine: 
* Easy to understand and easy to implement/code 
* It may require more states (more hardware) 

* Mealy Machine 


* More complex because the outputs are functions of both the state 
and the input 


* Requires less states in most casts (less hardware components) 


* The choice of a mode | depends on the application and personal 
preference 


State Table vs. State Diagram 


“Тһе provide the same information 


* Table is easier to fill from the problem description 


* Diagram is easier to understand 


Analysis: Various flip-flops 
ҚУАН УЛ УА АРАЛ 


Analysis with D Flip-Flops 


Ф Analysis for sequential circuits using D flip flops are easier. Why? 


е Because the next state is obtained directly from the input 
equations 


D Flip-Flop 
D | Q(t + 1) 
010 Reset 
L |1 Set 


Analysis with JK Flip-Flops 





л шэг 
e Jp =x | 
е K, = Bx 


, Кв =Ах+Ах = АФ х 


» How Many entries do we have іп the table? 


Analysis with JK Flip-Flops (State Table) 


* Input equations 
determine the FF 





Present Flip-Flop 
State Input Inputs Inputs 
A В E e Present state, and J 
oj [o | 0 & K values 
0 0 1 determine the next 
0 1 0 state (see the 
0 1 1 characteristic table) 
" 0 0 
1 0 1 
1 1 0 
1 1 1 


Characteristic Table of JK FF 









Jp =X | 
K, = Bx 
Kp =Ах+Ах = АФ х 


В = JK Flip-Flop 


No change 
Reset 

1 Set 
Complement 











Analysis with JK Flip-Flops (State Table) 


Present 
State Input 





A B 

0 0 0 
0 0 1 
0 1 0 
0 1 1 
1 0 0 
1 0 1 
1 1 0 
1 1 1 
А =В 

Јв = х | 

K, = Bx 


Кв =Ах+Ах = АФ х 


Next 


State 





н о нн н н н оо | 


e O онооно н 





Flip-Flop 
Inputs 

А К h Kg 
0 0 1 0 
0 0 0 1 
1 1 1 0 
1 0 0 1 
0 0 1 1 
0 0 0 0 
1 1 1 ] 
1 0 0 0 


* Input equations 
determine the FF 
inputs 


* Present state, and J 
& K values 
determine the next 
state (see the 
characteristic table) 


Characteristic Table of JK FF 





JK Flip-Flop 

J к | Qt * 1) 

0 0 | O(t) No change 

0 1 |0 Reset 

1 0 |1 Set 

1 1 1010) Complement 








Analysis with JK Flip-Flops (State Diagram) 


Present 
State 








ке ғана на ОО о о | 


ш —_ с ок ноо у 


ра cof са — Өк © 


Next 


State 





FP о н н ны н о о | 


е оон о н о н |B 








Flip-Flop 
Inputs 
М Ка Л Кв 
0 0 1 0 
0 0 0 1 
1 1 1 0 
1 0 0 1 
0 0 1 1 
0 0 0 0 
1 1 1 1 
1 0 0 0 


Designing circuits 
АЗ УЛ УАН АЛ 


Analysis vs. Design 


* The analysis of a sequential circuit starts from a circuit diagram and 
finishes with a state table or a state diagram 


* The design of a sequential circuit starts from a set of specifications 
from which a state diagram is obtained and finally the circuit 


diagram (with logic gates) 





Design procedure 


* Design starts from a specification and results іп a logic diagram or a 
list of Boolean functions 


* The steps are: 


* Derive a state diagram 
* Assign binary values to the states 


* Choose the type of flip flop to use 
* Obtain the state table 
* Utilizing the characteristic tables of the flip-flop 
* Get the simplified input equations and output equations 
* Draw the logic diagram 


Sequential Circuit Design 


• Synchronous sequential circuits are made up of flip flops and combinational 
gates. 


* Part of the design process is choosing the flip-flop type and the 
combinational circuit structure to meet the specification 


* How many flip flops? 
Ф The number of flip-flops depends on the number of states 
* Nflip-flops can represent up to 2" binary states 
* For example 
е 2 states requires one flip flop 
е 4 states requires two flip flops 
е 7 states requires three flop flops 


Design with D Flip Flops 
УАТУ МАРАТ 


Designing with D Flip Flops * Four States 


e We need log;(4) = 2 flip flops 


* Design a clocked sequential circuit 
that implement this state diagram 


* Using D flip flops 


1 өл 


1/0 


1 output 





Designing with D Flip Flops 


* Now we select tow D flip flops representing the four states and we 
label their outputs as A and B 
* We have one input that we label as x and one output that we label as 
y 
e Remember that the characteristic equation of the D flip flop is given 
by 
e Q(t + 1) = Dg (next state value equals current state input) 


D Flip-Flop 
D | Q(t + 1) 


0 10 Reset 
1, | Set 


Designing with D Flip Flops 
Determine the logic that 
drives the flip flop 


Comb 
— 
Comb == 
Logic = 








Designing with D Flip Flops 





Input 
Ф Input equation can be obtained directly from the table using 
minterms: Output 
Next state 

e A(t +1) = D,(4,B,x) = Xm(2,4,5,6) 

° B(t + 1) = Dp(A, B,x) = Ут(1,3,5,6) 0/0 —" 

* Ү( +1) = Xm(1,5) г 
Present State Input Next State Output 
A B X A B Y 





Designing with D Flip Flops 


* We сап use K-Maps to minimize the expressions 


Present State 


Input 


Next State 


А 








Dg = AX + BX + ABX 


Designing with D Flip Flops 





* Design with T Flip Flops 
For JK Flip-Flop example refer to the link in the recommended reading 
(https ://www.youtube.com/watch?v=HXG_YPVNIsM) 


шжүЛлУХЖ ЗІ 


Sequential Circuits with Different Flip Flops 


* Designing sequential circuits with flip flops other than D-Flip- 


Flops is complicated 
“Тһе input equations are derived indirectly from the state table 


* |t is necessary to derive a functional relationship between the 


state table and the input equations 


Excitation Tables 


“ During the design process, we usually know the transition from 
present to next state, but we need to find the flip flop input 


conditions that will cause this transition 


* We need a table that list the required inputs for a given change in 


state 


е This is called an excitation tables 


Excitation Tables 


Given inputs determine Q(t+1) Given Q(t) Q(t+1) determine inputs 
Characteristic Table Excitation Table 


JK Flip-Flop 


No change 
Reset 

Set 
Complement 





T Flip-Flop 
T | Q(t + 1) 


0 
0 | Q(t) Nochange 1 
ОҚ) Complement 1 





онно + 


e O e.e O 





(b) T Flip-Flop 


Designing with T Flip Flops 


* Designing a circuits with T flip flops is the same as with D flip flops 


e Except that the input equations must be evaluated from the 
present-state to next state transition derived from the excitation 


table of the T Flip Flop 


Designing A counter with T Flip Flops 


* Design a counter that counts from "000" to "111" and then back to 


“000” again 


* Using T Flip-Flops 


Designing A counter with T Flip Flops 





BIB CS GD 
1 


| 
CD eS GO e Ges OD 


Notice that the only input is the clock 





Designing A counter with T Flip Flops 


Present State Next State Flip-Flop Inputs 
Ас Al А 1 ТА T | Тм 











> HH ol o! HH > 
оо - оно а 


Q(t) 04-1) T 
-— (0 0 
-— у 1 

1 0 1 

1 1 0 





(b) T Flip-Flop 


Designing A counter with T Flip Flops 








Present State Next State Flip-Flop Inputs 
Ag Аа Ag | Аз Al Ao Хм | Таз | ia 
0 0 0 0 0 1 | 
0 0 1 0 1 0 
0 1 0 0 1 1 
04141. 11010 
1 0 0 1 0 1 
11911 үг ре р 
1 1 0 1 1 1 
1 1 1 0 0 0 


Ти» = ym (3,7) 


Та = 21/1,3,5,7) 


Таз = Logic 1 (Alwyas оп, conneced to VCC) 


We сап use K-Maps to further simplify the logic 


Designing A counter with T Flip Flops 


• After simplification of the input equations, we get this logic diagram 





State Reduction 
ISNIN УАУ АА АН 


State reduction and assignment 


* When designing a sequential circuit, we start from a specification and 
end up with logic diagram 


“ Two sequential circuits may exhibit the same input-output 
relationship but have totally different number of states in the state 
diagram 


e Remember more states = more hardware components 


* If we can reduce the number of states and keep the input-output 
relationship we can save in hardware cost 


State reduction 


* Reducing the number of flip-flops referred to as state-reduction 


• State reduction algorithms are concerned with reducing the number 
of states while maintaining input-output relationship 


• m flip-flops can represent 2" states 
e Reducing the number of states does not necessarily reduce т 
* Example: 
е Д states need 2 flip-flops 
Ф 5,6, 7, and 8 states all require 3 flip-flops 


State reduction example 


* Giving a sequential circuit defined in this state diagram we need to 
reduce the number of states 


* We are concerned about the input/output vo 
relationship 


e Internal states are used merely to provide 
the required sequences 


e Hence only letters are assigned to them instead 
of binary representation 





State reduction example 


* Unlike counters where the state is the same as the output in this 
circuit an infinite number of sequence can occur 


* For example, starting in state a and having the input 
sequence 01010110100 we will end up with this 
sequence 





* We need to find a state diagram with less states that 
maintain the input-output relationship 





State reduction example 


* The first step is to get the state table 
e It is easier to work with table 

* Here is the state table 
* Verify the table as an exercise 


Next State Output 
Present 


State x-0 х-1 x=0 x=1 
a a b 0 0 








с 





~ 
бо о о о о о 
_ к кюк кюк © © 


су 
с о 52 77 54200 


95 


State reduction example 


e “Two states are said to be equivalent if, for each member of the set 
of inputs, they give exactly the same output and send the circuit 
either to the same state or to an equivalent state” 


9 If two states are equivalent, we can remove one of them without 
affecting the sequential circuit process. 


States e, g both 


have a as next state 
when x =0 


Have fas next state 
when x =1 


And produce the same 
output 


States е, and д are 
equivalent one can 
be removed 





Output 





x=) ж=1 


State reduction example 


e To remove a state g 
* The row with present state g is removed 
e In the row with states g as next state replace g with e 














P Next State Output Next State Output 
resent Present 
State х-0 х-1 zc 251 State x-0 x-1 £20 ša] 
a a b 0 0 4 4 b 0 0 
b e d 0 0 
b с а 0 0 
с а а 0 0 
4 e f 0 1 = с а d 0 0 
e a е| f 0 1 d е f 0 1 
Ў f 0 e a f 0 1 
st . f о 


State reduction example 


е Repeating the same steps again we can see that f and а are equivalent 
* This gives us a table with one less state 


Next State Output 














Present — Next State Output 
State х=0 х-1 Кэй жээ State Ё-0 Х-1 х-0 х-1 
" н : к : a a b 0 0 
: : - - b с а 0 0 
с а с 
4 2 f 0 1 с а а 0 0 
а е а 0 1 
е а f 0 1 й а i 
f e f 0 І ы 2 


State reduction example 


* From the last state table, we can derive a new state diagram satisfying 
the same input-output relationships with less states 


0/0 0/0 


0/0 0/0 
1/0 


м» ( і =" 
1/0 
0/0 1/1 


1/0 


1/1 





Original state diagram reduced state diagram 


Thank You 
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Weekly Learning Outcomes 


1. Understand the use, functionality, and modes of operation of 
registers, shift registers, and universal shift registers 

2. Know how to properly create the effect of a gated clock. 

3. Understand the structure and functionality of a serial adder 
circuit. 

4. Understand the behavior of a (a) ripple counter, (b) synchronous 


counter 


SATUS] 


Required Reading 


1. Chapter 6 (6.1 to 6.4) 
(Digital Design with An Introduction to the Verilog HDL, 
VHDL and System Verilog) 


Recommended Reading 
1. Chapter 13 


2. Chapter 14 
(Digital Logic for Computing) (John Seiffertt Digital Logic for 


СҮСУЛУЖЛ | 


This Presentation is mainly dependent on the textbook: Digital Design with An Introduction to the Verilog HDL, VHDL and System Verilog by Mano and Ciletti, 


Computing) 


Registers 


ҚУАТ УЛ АУ АРАЛ 


Registers - Introduction 


A register is a group of flip-flops, each one of which shares a 
common clock and is capable of storing one bit of information. 
An n-bit register consists of a group of n flip-flops capable of 


storing n bits of binary information. 


In its broadest definition, a register consists of a group of 
flip-flops together with gates that affect their operation. The 
flip-flops hold the binary information, and the gates determine 


how the information is transferred into the register. 


Counter 


e Acounter is essentially a register that goes through а 
predetermined sequence of binary states. The gates in the 
counter are connected in such a way as to produce the 


prescribed sequence of states. 


e Although counters are a special type of register, it is common to 


differentiate them by giving them a different name. 


Registers - Introduction 


* The simplest register is one that consists of only flip-flops, 


without any gates. 


e Such a register (As shown in next slide) constructed with four 


D-type flip-flops to form a four-bit data storage register. 


e The common clock input triggers all flip-flops on the positive 
edge of each pulse, and the binary data available at the four 


inputs are transferred into the register. 


Registers - Introduction 





Registers - Introduction 


The value of (/3, /2, I1, 10) immediately before the clock edge determines the 
value of (A3,A2,A1,A0) after the clock edge. The four outputs can be 


sampled at any time to obtain the binary information stored in the register. 


The input Clear_b goes to the active-low R (reset) input of all four flip-flops. 
When this input goes to 0, all flip-flops are reset asynchronously. The 
Clear_b input is useful for clearing the register to all 075 prior to its clocked 


operation. 


The R inputs must be maintained at logic 1 (i.e., de-asserted) during normal 
clocked operation. Note that, depending on the flip-flop, either Clear, 
Clear_b, reset, or reset_b can be used to indicate the transfer of the register 


to an all O's state. 


Registers — With Parallel Load 


* A four-bit data-storage register with a load control input that is 
directed through gates and into the D inputs of the flip-flops is 
shown in next slide. 

* The additional gates implement a two-channel mux whose 
output drives the input to the register with either the data bus or 


the output of the register. 


Registers — With Parallel Load 
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Registers — With Parallel Load 
The load input to the register determines the action to be taken with 
each clock pulse. 


* When the load input is 1, the data at the four external inputs are 
transferred into the register with the next positive edge of the clock. 
e When the load input is 0, the outputs of the flip-flops are connected 


to their respective inputs. 


* The feedback connection from output to input is necessary because a 


D flip-flop does not have a “no change” condition. 


Registers — With Parallel Load 


* The load input determines whether the next pulse will accept 


new information or leave the information in the register intact. 


* The transfer of information from the data inputs ог the outputs 
of the register is done simultaneously with all four bits in 


response to a clock edge. 


Shift Registers 


SEMIS 


Shift Registers 


A register capable of shifting the binary information held in each 
cell to its neighboring cell, in a selected direction, is called a shift 


register. 


The logical configuration of a shift register consists of a chain of 
flip-flops in cascade, with the output of one flip-flop connected to 
the input of the next flip-flop. All flip-flops receive common clock 


pulses, which activate the shift of data from one stage to the next. 


Simplest Shift Registers 


Serial 4 |. [БИШЕ | SO Serial 
input | Б | output 





CLK 


Simplest Shift Registers 


The output of a given flip-flop is connected to the D input of the flip-flop 
at its right. 


This shift register is unidirectional (left-to-right). 


Each clock pulse shifts the contents of the register one bit position to the 


right. The configuration does not support a left shift. 


The serial input determines what goes into the leftmost flip-flop during 
the shift. The serial output is taken from the output of the rightmost 
flip-flop. 


Serial Transfer 


The datapath of a digital system is said to operate in serial mode 


when information is transferred and manipulated one bit at a time. 


Information is transferred one bit at a time by shifting the bits out 


of the source register and into the destination register. 


This type of transfer is in contrast to parallel transfer, whereby all 


the bits of the register are transferred at the same time. 


Shift Registers - Register A to Register B 


The serial output (SO) of register A is connected to the serial input (S/) of 


register B. 


To prevent the loss of information stored in the source register, the 
information in register A is made to circulate by connecting the serial 


output to its serial input. 


The initial content of register B is shifted out through its serial output 
and is lost unless it is transferred to a third shift register. The shift 


control input determines when and how many times the registers are 
shifted. 


Serial Transfer - Register A to Register B 


The serial transfer of information from register A to register B is done 


with shift registers, as shown below. 


Sl, SOA| Sip 211150 B 
Shift register A Г Shift register В 3 
CLK CLK 
Clack = 
Shift | | 


control 


(a) Block diagram 


Registers - Introduction 


Suppose the shift registers in previous slide have four bits each. 
Then the control unit that supervises the transfer of data must be 
designed in such a way that it enables the shift registers, through 
the shift control signal, for a fixed time of four clock pulses in order 


to pass an entire word. 


* This design is shown in the timing diagram in next slide. 


Shift Registers — Timing Diagram 


Shift | | | 


control 
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Т, Т h, Т, 
(b) Timing diagram 


Shift Registers - Working 


The shift control signal is synchronized with the clock and changes 


value just after the negative edge of the clock. 


The next four clock pulses find the shift control signal in the active 
state, so the output of the AND gate connected to the CLK inputs 
produces four pulses: 71, 72, T3, and T4. 


Each rising edge of the pulse causes a shift in both registers. The 
fourth pulse changes the shift control to 0, and the shift registers are 


disabled. 


Shift Registers - Example 
Assume that the binary content of A before the shift is 1011 and 
that of B is 0010. 


The serial transfer from A to B occurs in four steps, as shown in 


Table in the next slide. 


Shift Registers - Example 


Serial-Transfer Example 


Timing Pulse Shift Register A Shift Register B 
Initial value 1 0 1 1 0 0 1 0 
After Т, 11 HU 1 Log 0 d 
After Т, 1 1 і 0 1 1 09 ә 
After T3 D T T | 0 1 1 0 
After T, 1 9 1 1 1 9 1 1] 


Shift Registers - Example Explanation 


With the first pulse, 71, the rightmost bit of A is shifted into the 


leftmost bit of B and is also circulated into the leftmost position of A. 


At the same time, all bits of A and B are shifted one position to the 
right. 
The previous serial output from B in the rightmost position is lost, and 


its value changes from 0 to 1. 


The next three pulses perform identical operations, shifting the bits of 


A into B, one at a time. 


Shift Registers - Example Explanation 
e After the fourth shift, the shift control goes (00, and registers А 
and B both have the value 1011. 


* Thus, the contents of A are copied into B, so that the contents of 


A remain unchanged i.e., the contents of A are restored to their 


original value. 


Difference between Serial and Parallel mode 


In the parallel mode, information is available from all bits of a 
register and all bits can be transferred simultaneously during one 
clock pulse. 

In the serial mode, the registers have a single serial input and a 
single serial output. The information is transferred one bit at a 


time while the registers are shifted in the same direction. 


Universal Shift Registers 


The most general shift register has the following capabilities: 

1. A clear control to clear the register to О. 

2. A clock input to synchronize the operations. 

3. A shift-right control to enable the shift-right operation and the 
serial input and output lines associated with the shift right. 

4. A shift-left control to enable the shift-left operation and the serial 


input and output lines associated with the shift left. 


Universal Shift Registers 


5. A parallel-load control to enable a parallel transfer and the n 
input lines associated with the parallel transfer. 

6. п parallel output lines. 

7. Acontrol state that leaves the information in the register 
unchanged in response to the clock. Other shift registers may have 


only some of the preceding functions, with at least one shift op 


Universal Shift Registers 


A register capable of shifting in one direction only is a unidirectional 
shift register. 

One that can shift in both directions is a bidirectional shift register. 
If the register has both shifts and parallel-load capabilities, it is 


referred to as a universal shift register. 


Universal Shift Registers - 4 Bits 
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Universal Shift Registers - 4 Bits 


Parallel outputs 





Clear b 







uai аан E 4 
dii (ЕНЕ БЕ кш БЕН БЕ БИШЕ ПО ООН 


г 
начана 


4х1 а 4x1 
MUX маг 
3 2 зай UL. Ш ПТ. 1 









Serial 
input for input for 
shift-right shift-left 
В h 1 1 





Parallel inputs 
(Б) 


Universal Shift Registers - 4 Bits 


* The circuit consists of four D flip-flops and four multiplexers. The 


four multiplexers have two common selection inputs s1 and sO. 


e Input 0 in each multiplexer is selected when 5150 = 00, input 1 is 


selected when 5150 = 01, and similarly for the other two inputs. 


* The selection inputs control the mode of operation of the 
register according to the function entries in Table shown in next 


Slide. 


Universal Shift Registers — Function Table 


Mode Control 


50 


Register Operation 


No change 
Shift right 
Shift left 
Parallel load 


Universal Shift Registers - Working 


e When 5150 = 01, terminal 1 of the multiplexer inputs has a path to the D 
inputs of the flip-flops. This causes a shift-right operation, with the serial 
input transferred into flip-flop АЗ. When 5150 = 10, a shift-left operation 
results, with the other serial input going into flip-flop AO. 


Ф. Finally, when 5150 = 11, the binary information on the parallel input lines is 


transferred into the register simultaneously during the next clock edge. 


e Note that data enters MSB in for a shift-right operation and enters 15В in 
for a shift-left operation. Clear_b is an active-low signal that clears all of the 


flip-flops. 


Ripple Counters 
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Ripple Counter 


e A register that goes through a prescribed sequence of states 


upon the application of input pulses is called a counter. 


• The sequence of states may follow the binary number sequence 
or any other sequence of states. A counter that follows the 


binary number sequence is called a binary counter. 


e An n-bit binary counter consists of n flip-flops and can count in 


binary from 0 through 27-1. 


Ripple Counter 


Counters are available іп two categories: ripple counters and 

synchronous counters. 

e |naripple counter, a flip-flop output transition serves as a source for 
triggering other flip-flops. In other words, the C input of some or all 
flip-flops are triggered, not by the common clock pulses, but rather by 


the transition that occurs in other flip-flop outputs. 


* |nasynchronous counter, the C inputs of all flip-flops receive the 


common clock. 


Binary Ripple Counter 


A binary ripple counter consists of a series connection of 
complementing flip-flops, with the output of each flip-flop connected 


to the C input of the next higher order flip-flop. 


The flip-flop holding the least significant bit receives the incoming 


count pulses. 


A complementing flip-flop can be obtained from a JK flip-flop with the 
J and К inputs tied together or from a Т flip-flop. 


A third possibility is to use a D flip-flop with the complement 


output connected to the D input. 


Four Bit Binary ай Counter — Logic Diagram 





Four Bit Binary Ripple Counter — Operation 


To understand the operation of the four-bit binary ripple counter, 


refer to the first nine binary numbers listed in Table below 
Binary Count Sequence 


Аз А; А; Ао 
0 0 0 0 
0 0 0 1 
0 0 | 0 
0 0 1 l 
0 1 0 0 
0 1 0 l 
0 1 | 0 
0 1 | l 
1 0 0 0 


Four Bit Binary Ripple Counter — Operation 


e The count starts with binary 0 and increments by 1 with each count pulse 


input. 


e After the count of 15, the counter goes back to О to repeat the count. The 


least significant bit, Ao, is complemented with each count pulse input. 
e Every time that Ao goes from 1 to 0, it complements A1. 
e Every time that Аі goes from 1 to 0, it complements Аз. 


e Every time that A» goes from 1 to 0, it complements Аз, and so оп for any 


other higher order bits of a ripple counter. 


Binary Countdown Counter 


e А binary counter with a reverse count is called a binary 
countdown counter. Їп a countdown counter, the binary count is 


decremented by 1 with every input count pulse. 


* The count of a four-bit countdown counter starts from binary 15 
and continues to binary counts 14, 13, 12,..., 0 and then back 


to 15. 


BCD Ripple Counter 


e A decimal counter follows a sequence of 10 states and returns to 


O after the count of 9. 


• Such a counter must have at least four flip-flops to represent 
each decimal digit, since a decimal digit is represented by a 


binary code with at least four bits. 


e |f BCD is used, the sequence of states is as shown in the state 


diagram (in next slide) 


BCD Ripple Counter - State Diagram 





BCD Ripple Counter — Logic Diagram 








BCD Ripple Counter 


Note that the output of Q1 is applied to the C inputs of both Q2 
and Q8 and the output of Q2 is applied to the C input of 04. The J 
and K inputs are connected either to a permanent 1 signal or to 


outputs of other flip-flops. 


Synchronous Counters 
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Synchronous Counter 


• Synchronous counters аге different from ripple counters іп that 


clock pulses are applied to the inputs of all flip-flops. 


• Acommon clock triggers all flip-flops simultaneously, rather than 


one at a time in succession as in a ripple counter. 


Synchronous Binary Counter 


e In asynchronous binary counter, the flip-flop 


in the least significant position is complemented with every pulse. 


e A flip-flop in any other position is complemented when all the bits in 


the lower significant positions are equal to 1. 


e Synchronous binary counters have a regular pattern and can be 
constructed with complementing flip-flops and gates. The regular 


pattern can be seen from the four-bit counter depicted in next slide. 


Synchronous Binary Counter 





Synchronous Binary Counter 


The C inputs of all flip-flops are connected to a common clock. The counter is enabled 


by Count_enable. 


If the enable input 150, all J апа К inputs are equal to 0 and the clock does not change 
the state of the counter. The first stage, Ao, has its J and K equal to 1 if the counter is 


enabled. 


The other J and K inputs are equal to 1 if all previous least significant stages are equal 


to 1 and the count is enabled. 


The chain of AND gates generates the required logic for the J and K inputs in each 
stage. The counter can be extended to any number of stages, with each stage having 
an 

additional flip-flop and an AND gate that gives an output of 1 if all previous flip-flop 


outputs are 1. 


BCD Synchronous Counter 


* ABCD counter counts in binary-coded decimal from 0000 to 1001 
апа back to 0000. Because of the return to О after a count of 9, а 
BCD counter does not have a regular pattern, unlike a straight 


binary count. 


* To derive the circuit of a BCD synchronous counter, it is 


necessary to go through a sequential circuit design procedure. 


BCD Synchronous Counter - State Table 


State Table for BCD Counter 
Present State Next State Output Flip-Flop Inputs 


0, 04 0: Са, Qs 0, 0, 0, TQ, TQ, TQ, TQ, 
0 оо 0 0 0 0 1 0 0 00.0 1 
0 0 0 1 0 0 1 0 0 0 0 1 1 
0 0 1 0 0 0 1 1 0 0 0 0 І 
0 0 1 1 0 1 0 0 0 0 1 1 1 
0 1 0 0 0 1 0 1 0 0 0 0 1 
0 1 0 1 0 1 1 0 0 0 0 t 4 
0 1 1 0 0 1 1 1 0 0 о 0 1 
0 1 1 1 1 0 0 0 0 1 1 1 1 
1 0 0 0 1 0 0 1 0 0 000 І 
1 0 о І 0 0 0 0 1 1 бо 0 1 


BCD Synchronous Counter - State Table 


* The input conditions for the T flip-flops are obtained from the 


present- and next-state conditions. 


* Also shown in the table is an output y, which is equal to 1 when 
the present state is 1001. In this way, y can enable the count of 
the next-higher significant decade while the same pulse switches 


the present decade from 1001 to 0000. 


BCD Synchronous Counter - Map 


* The flip-flop input equations can be simplified by means of maps. 
The unused states for minterms 10 to 15 are taken as don't-care 


terms. The simplified functions are 


Го = ОО) 
Toa = О-О, 


Tos = QsQi + 040201 
у = 00; 


BCD Synchronous Counter 


e The circuit can easily be drawn with four T flip-flops, five AND 
gates, and one OR gate. Synchronous BCD counters can be 


cascaded to form a counter for decimal numbers of any length. 


Thank You 
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Weekly Learning Outcomes 


1. Learn the types and characteristics of memory (RAM, 
ROM) 

2. Learn the memory read/write process 

3. Learn how errors are detected and corrected while 
reading from memory 


4. Learn the basics of how programable logic array (PLA, 


FPGA) work SWINE 


Required Reading 


1. Chapter 7 (Sections 7.1- 7.8) (Digital Design with An 
Introduction to the Verilog HDL, VHDL and System 


Res ӨӘлдесі Reading 
1. https://www.geeksforgeeks.org/hamming-code-in-computer- 


network/ 
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A Digital Computer System 


Data/Instructions/code 









clock 
cou [SE yl езе» га 
Inputs: Го 
Кеур d Input/Output Outputs: CRT, 
eyboard, 
CD, modem, 
mouse, mode 
microphone 


Picture of Memory 


* You can think of memory as being one big 
array of data. 


e The address serves as an array index. 


е Each address refers to one word of 
data. 


* You can read or modify the data at any 
given memory address, just like you can 
read or modify the contents of an array at 
any given index. 


00000000 
00000001 
00000002 


FFFFFFFD 
FFFFFFFE 
FFFFFFFF 


Data 


Word 


Memory Signal Types 


* Memory signals fall into three groups 
* Address bus - selects one of memory locations 






* Data bus 


* Read:the selected location's stored data is 
put on the data bus 


* Write (RAM): The data on the data bus is store 
into selected locations 


* Control Signals - specifies what the memory is to do 

* Control signals are usually active low 

* Most common signals are: 
e CS: Chip Select; must be active to do anything 
* OE: Output Enable; active to enable data to appear on the bus 
* WR: Write; active to write data to memory 
e R: Read; active to read data from memory 
* Orasingle R/W line 


Memory unit 
25 words 


Properties of Memory 


* Volatile: Memory contents disappears if power turned off, found in: 
* Typical computer systmes (laptops, desktops) 
е PDA, Smart Phone, iPADSs, ... 


* Nonvolatile: Contents of memory remain even if power turned off, 
found in: 





* Smart Phones, 
* Hard Drives, 
e Memory Sticks 


RAM vs. ROM 


Volatile Memory 
* RAM (Random Access Memory) 
* Static RAM usually used for Cache 
e Dynamic RAM used for Main Memory 


Non-Volatile Memory 
* ROM (Read Only Memory), 
• EPROM 
• EEPROM 
• FLASH 


* Used to store permanent programs in a computer system (booting), 
bit stream of FPGA 


Classification 
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Classification of Memory 


Memories. 


4 _ nm Мой One Time Programmable 
Volatile Non Volatile Programmable Programmable Several Timas 


ЗКАМ DRAM # МУКАМ BRAM FRAM ROM OTP EPROM EEPROM Flash 
10003, 





Sauva IDE, Mure, 1007 


Key Design Metrics 


т ал 4 1 Г) ТП а 
Memory (ROM) 


Memory 


Mask-Programmed 
EPROM 


FLASH 





Key Design Metrics: 

1. Memory Density (number of bits/um?) and Size 

2. Access Time (time to read or write) and Throughput 
3. Power Dissipation 





Memory Hierarchy 


o The design constraints on a computer memory can be summed up by three 
questions (i) How Much (ii) How Fast (iii) How expensive. 


o There is a tradeoff among the three key characteristics 
o A variety of technologies are used to implement memory system 


o Dilemma facing designer is clear > large capacity, fast, low cost!! 


о Solution > Employ memory hierarchy 






Flip Flops Cost 
Static RAM 
Dynamic RAM Capacity 
Access 
Time 


Secondary Storage 


RAM vs. ROM 


o RAM ROM о 
У Read/write PAU OI з 
| Non-Volatile ~v 
x Volatile 
1 | Slower х 
Faster access time Variants > 
> Variants PROM,EPROM о 
Ц SRAM EEPROM, FLASH a 
QO DRAM Application 
* Application с 8 
| Constants a 
Ц Variables 


Codes, e.t.c a 
Ц Dynamic memory allocation 


L] Heaps, stacks 


Random Access Memory 
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Random Access Memories 


* So called because it takes the same amount of time to address/acess 
any location in the memory 


e Types of RAM 
* Static RAM (SRAM), fast, expensive 
e Dynamic RAM (DRAM), slow, cheap 
* How is memory accessed? 
е Address Lines, Data Lines 
* Control Signals (R/W, chip select, ...) 


Simple View of RAM 


е Of some word size n = 4,8,16,32,64 .... 
* n-bit data input lines 
* n-bit data output lines 

* Some capacity 2* 
* k bits of address line 






n data input lines 


е Has a read line 


Memory unit 


Read 2* words 
| п bit per word 
Write 


n data output lines 


е Has a write line 





1K x 16 memory 


° Variety of sizes 
е From 1-bit wide 


* Issue is no. of pins 
* Memory size specified in bytes 


e 1Кх 16 bit > 2KB memory 
е 10 address lines and 16 data lines 


Memory address 


Binary 

0000000000 
0000000001 
0000000010 





1111111101 
1111111110 
1111111111 


Decimal 





. ГМ — о 


1021 
1022 
1023 


Memory contents 
10110101 01011100 
10101011 10001001 
00001101 01000110 


10011101 00010101 
00001101 00011110 
11011110 00100100 





16-bit 


SpJOM vpcOT 


Chip Select and R/W Lines 


* R/W Lines enable reading/writing 
* Usually, a chip select line is used. 
e Why? 
* To enable RAM chip to be accessed. 
* Tri state capability 
Control Inputs to a Memory Chip 


Chip select Read/Write 
CS R/W Memory operation 


Nn 


1 0 Write to selected word 
1 1 Read from selected word 


Memory: Writing 


• Sequence of steps 
* Setup address lines 
* Setup data lines 
* Activate write line (maybe a positive edge) 


* The write cycle time is the maximum time from the application of the 
address to the completion of all internal memory operations required 
to store a word. 


Writing: Timing Waveforms 


* CPU operates at 50 MHz (20 ns) 
• 4 clock cycles to perform a write 


Clock T1 T2 T3 T4 T1 


LET Address valid 

Memory / \ 
enable N 

Read/ Ч / 

Write х 

Data 

input 





Memory Reading 


• Steps: 
* Setup address lines 
* Activate read line 
* Data available after specified amount of time 


* Read cycle usually is shorter than write cycle. 


Memory Waveform: Reading 


* CPU operates at 50 MHz (20 ns) 
• 65 ns required for a read cycle 


Clock Т1 T2 T3 T4 


^ Address valid 
emory 
e 


Read/ 


Write х 
Data 
output 


еа 














Static RAM 
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Simplify Modeling using Latch 


• Static RAM storage can be modeled by an SR latch. 
* Control logic 
e One memory cell per bit 





If select = O, the stored content is held. 
If select = 1, the stored content is determined by values on B and B' 
The outputs are gated by the select line also. 


Bit Slice 





o Cells connected to form . 1-bit 
position (Slice) 


o Word Select: selectsa latch for 
read/write operations 


o B (and B') set by R/W, Data In 
and BitSelect 


o When R/W = О and BitSelect = 
1, 


о Then if Datain=1 


o The latch will be set 





oA “1” is written 





Bit Slice 


o Cells connected to form . 1-bit 
position (Slice) 


o Word Select: selectsa latch for 
read/write operations 


o B (and B') set by R/W, Data In 
and BitSelect 


o When R/W = О and BitSelect = 
1, 


о Then if Datain=1 
o The latch will be set 


oA “1” is written 





Bit Slice can Become Module 


o Basically, a bit slice is a one-dimensional 
array of memory 


o What type of hardware should we use to 
access one row at atime? 


Read/Write 


DECODERS!!! logic 


Data in 


Data out 


Read/ Bit 
Write select 





(b) Symbol 


16 X 1 RAM 


Remember: A (4-to-16 line decoder) > equivalent to 16 4-input AND Gates 





Memory 
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(a) Symbol 







o4 address lines are 
required to access 16 
locations. 


o А Decoder is added to 
select the different words 
(each 1 bit wide). 


10 For 16 words we need a 
| 4-to-16 line Decoder 





Read/Write 
logic 


Data input 


i 
Data out Р, 
Bit 
і select 
Read/Write 
Chip select 


Row/Column 


o Practical memories contains thousands of words!! 
olf RAM gets large, there is a huge decoder 

о A 1-bit slice with 2048 locations needs 11-to-2048 Dec. 
o Also run into chip layout issues 


o How can we change the structure of Memory to solve this 
problem? 


Rearrange the memory into "2D" i.e., 
matrix layout 


16 X 1 as 4 X 4 Array 


Two (2-to-4 line Decoders) > equivalent to 8 2-іприі AND Gates 













о Two decoders 





e Row 


• Column 





o Address just broken up 


бегіне | | paste | |е зэх о Not visible from outside 


Data in 
Data out 
Read/ Bit i Read/ Bit 
Write select ї selec! Write select 
Data input 
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0 output 


п |2-іо-4 Decoder 
with enable 


Enable 


Chip select 


16 X 1 as 4 X 4 Array 




























o Employing 2 decoders instead 
of 1 row decoder is called 
coincident selection 


o Row Select and Column Select 


о A3A,A,A,=0000 will attempt to 
choose RAM cell 0. 


One bit accessed at a time! 


Change from 16x1 to 8 X 2 RAM 













o Minor change in logic 
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= "шиш т о Try addressing 011 on board 
Row, ^ ШЕ № 
ЧЕ; ra NN o Cells 6,7 are chosen for 

EA reading or writing. 
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Cell 6 Contents 














Cell 7 Contents 


Coincident Selection: Example 
o Imagine a 32k x 8 = ((32 x 1024) x 8) 32, 768 x 8 
o 262,144 bits >256K bit memory 
o How many address lines required to locate 32K locations (32,768)? 
о Log, (32,768) > 15 
o А 15-bit address line is required. 





о 262,144/8 = 32,768 chunks each 8-bits 

o One column layout would need a decoder with 32,768 outputs 
Ч For a single decoder that would mean 32,800 AND gates 
L] This is not practical! 

o Solution? 


o Coincident selection. 
262,144 bits 


15-to-32768 i 


15 Address Lines 


Decoder 


Coincident Selection: Example 


о A 32K X 8 contains 256 Kbits (32 x 1024 x 8 = 262,144 bits) 
о To make the number of rows and columns equal we take the square root of 256K, giving 512 = 2° 
L] A 9-to-512 decoder is required for the rows (9 address lines are fed to the Row Decoder). 
Ы Remember we need 8 bits of output!! (Column Decoder?) 
о For the columns 512/8 = 64 = 29 
L] A 6-to-64 decoder is required for the columns (6 address lines are fed to the Column Decoder). 
o Total number of gates is now 512464 = 576 AND gates 
o Recall without coincident selection we required a decoder with 32,800 AND gates 


o Thus reducing the total gate count by more than 50x. 


262,144 bits 






9-10-512 


9 Address Lines 


- - 





6 Address Lines 


Error detection and correction 
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Error Detection and Correction 


e Dynamic physical interaction of the electrical signals may cause occasional 
errors in storing and retrieving 


* To improve the reliability, we can use error-detection and error correction 
codes 


e Most common scheme is the parity bit (seen in a previous lecture). 
e Memory usually store information in 8, 16... word size 
e We сап use multiple parity bits to check for errors in a word. 


* Parity bits are calculated during the write process and checked during 
the read process 


* Hamming code is one of the most common error-correction code used in 
RAMs 


Hamming Code 

“Тһе most common error-correcting codes used in RAMs was devised 
by R. W. Hamming 

* К parity bits are added to ап n-bit data word 


* Total bits (stored) = n+k bits positions numbered from 1 to n+k 


* Position numbers that are power of 2 are reserved for parity bit and the rest is for data 
e Example : for 8 bits data (11000100) and 4 bits parity 

* Positions 1, 2, 4, and 8 (all powers of 2) used for parity 

* The rest is used for data 
ў from MSB to LSB 


FIBIBII 8 | [9 | [io | | t1 
Р, | 11101101 14110111 0 


Ф note that positions are fill 


Bit position: n AL 





(0, 
17 
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сез 


Hamming Code (Calculating the Parity Bits) 


“ To generate the parity bits P,-P, we use ХОК function. How? 
e Which bits are used for each Р,? 


* We need to consider the binary representation of each position 
among n+k positions 


* Р, use all positions with 1 іп the least 
ee SS significant bit 1 (1, 3, 5, 7, 9, 11) 

e Р, use all positions with 1 in the next 

| 2 | 0010 | 8 | 1000 | significant bit 2 (2, 3, 6, 7, 10, 11) 

| 3 | 0011 | 9 | 1001 | * P, use all positions with 1 in the next 

significant bit 3 (4, 5, 6, 7, 12) 


e Pg, use all positions with 1 in most 
significant bit 4 (8, 9, 10, 11,12) 





Hamming Code (Calculating the Parity Bits) 


“ Now we use the ХОК function utilizing the selected positions for each Px 
* We are trying to find values for the positions P,-P, (1,2,4,8) and they are 


not used during the generation phase of the code 


е Recall the bit Bit position: 3 5 6 7 9 pw п 1 
values/positions а 4 1 5 1 0 0 Р, 0 1 0 0 


1 
e Р, =ХОВ of bits (3,5,7,9,11)-1(р1(00600060-0 


e Р, = ХОК of bits (3,5,7,10,11)-1Ф0000100-0 
e Р, = ХОК of bits (5,6,7,12)-1000000-1 
e Р, = ХОК of bits (9, 10, 11, 12220190 0-1 

e Remember that ХОК is odd function and will generate 1 if we have odd 


number of 1s and O otherwise 
Our Finalcodeis 001110010100 


Hamming Code (Error detection) 


* When reading the 12 bits from the memory we do the ХОК again but 
now we include the bit values in P, positions to get for C values 


* C, = XOR of bits (1,3, 5, 7, 9, 11) 
e C, = ХОК of bits (2,3, 5, 7, 10, 11) 
* C, - XOR of bits (4, 5, 6, 7, 12) 
e С. = ХОК of bits (8, 9, 10, 11, 12) 
e |f the parity code C = C,C,C,C, = 0000 there is no error 
«If C# 0 the value of C indicates the positions of the bit with error 


Hamming Code (Error detection) 


* In this example Bit positio 1 2 3 4 5 6 7 8 9 WH 12 
. 0 0 1 1 1 0 0 1 0 1 0 0 Noerror 
е = 
First row C = 0000 1: 41.1 1 1 0 0 1 0 1 0 0 Error in bit 1 
е Second row С = 0001 0 0 1 1 0 0 0 1 0 1 0 0 Errorin bit 5 


e Third row C= 0101 
e Check the values by calculating the XORed result 
* The hamming code can detect and correct only a single error 


* To detect double errors, you need to add an extra parity bits for the same number 
of bits in the data 


Hamming Code (Required number of parity bits) 


* Hamming can be used for word size larger than 8 


“Тһе required number of parity bits К is determined by the word size 
(range od data bits) 


Number of Check Bits, k Range of Data Bits, n 
3 2-4 
4 5-11 
5 12-26 
6 27-57 
7 58-120 


Read Only Memory 
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Read Only Memory 


• A read-only memory (ROM) is a memory device in which permanent 
binary information is stored 


“Тһе binary information must be specified by the designer 
* Example: A ROM with К inputs and n outputs 


k 
pete n outputs (data) 


k inputs (address) ———> 


* K address can specify one of 2* words stored in the memory 


Read Only Memory 


e ROM can be implemented using decoders and OR gates 
e Example 32x8 ROM holds 32 word each with 8-bits 














Read Only Memory Example 


• Data сап be stored in the memory by wiring the output of the decoder 


with different OR gates inputs 


Inputs Outputs 
l4 Е h h ls А Ас й Ас Аз Ас й А 
0 0 0 0 0 1 0 1 1 0 1 1 0 
0 0 0 0 1 0 0 0 | 1 1 1 
0 0 0 | 0 | | 0 0 0 1 0 | 
0 0 0 1 1 | 0 | | 0 0 1 0 
1 1 1 0 0 0 0 0 001 0 0 1 
1 1 1 0 1 1 | 1 0 0 0 1 0 
1 1 1 | 0 0 1 0 0 1 0 1 0 
1 1 1 1 1 0 0 1 1 0 0 1 1 


* See example 7.1 іп the book 
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Programable Logic Arrays & FPGAs 


SEMIS 


Programmable Logic | 


e We learnt in the first part of this course that any combinational logic circuit can 


be implemented with sum of min-terms (SOP). 


Ф If we can control the inputs and number of AND gates to be used and 
control the inputs to the OR gate then we can create and design a 
programmable logic circuit. 


* Remember when we used a decoder to implement any Boolean function! That 
was some type of implementing programmable logic! 














Programmable 
Inputs --------- P 
Connections 


Programmable 
rogrammable 


AND array 


programmable 


Outputs 
OR array 4 






Connections 


Decoders: Implementing Logic 


e Example: Implement the following Boolean functions 
1. S(A,A,, Aj)  SUM(m(1,2,4,7)) 








Ратай іва 1. Since there are three 
inputs, we need a 3-to-8- 
—— line decoder. 


2. The decoder generates the 
eight minterms for inputs 

ААА, 

Das ARAG 3. An OR GATE forms the 

nn logical sum minterms 


required. 
гн 


Оз = ALA, Ap 



































Decoders: Implementing Logic 


Example: Implement the following Boolean functions 
1. S(A,A,, Aj) = SUM(m(1,2,4,7)) 





ll. Programmable OR Array 


We can create 8 different functions with 5-inputs each 


5332 
decoder 





Programmable Boolean Functions 


Multiplexers can also be used to realize Boolean functions since they 
consist of an array of AND gates followed by an OR gate. 


Function table 
5, So Y 


оо 6; 
о 
1 
1 
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02 
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Multiplexers: Implementing Logic 


о 2^:1 multiplexer implements any function of n variables 
1. With the variables used as control inputs and 
2. Data inputs tied toO or 1 
3. Іп essence, a lookup table 


o Example: F(A,B,C) = то + m2 + m6 + m7 
= А'В'С' + A'BC' + ABC' + ABC 
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Classification of PLDs 






Fixed Programmable 
Inputs AND array 
(decoder) 


Outputs 
Connections 


(a) Programmable read-only memory (PROM) 







Programmable 


Inputs Fixed Outputs 


Connections OR array 
(b) Programmable array logic (PAL) device 
Programmable Programmable 
Inputs Outputs 
Connections Connections 





(c) Programmable logic array (PLA) device 


Programmable Logic Array (PLA) 


Plane of Programmable AND Gates 








Field-Programmable Gate Array (FPGA) 


* FPGAs are circuits that can be programmed by the end user at the 
user location 


* Typical FPGA consists of an array of logic blocks surrounded by 
programmable input and output blocks together via programmable 
interconnections 


• A typical FPGA logic block consists of lookup tables, multiplexers, 
gates, and 


Ф flip-flops. 


Generic FPGA Architecture: 
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Configurable 
Logic Block (CLB) 


Connection 


BIOCK 


11116158 01146115, 


зу ер BIOCK 





Routing Channels 


ГО раа 





Programmable Logic Block 


Early devices were based on the concept of programmable 
logic block, which comprised: 

3-input lookup table (LUT), 

register that could act as flip flop or a latch, 

multiplexer, along with a few other elements. 


Combinational 















Sequential 
a am Logic 
а ——> | 
b — 3-input 
Input from c= 
other LUTS 
clock — 





Basic Logic Element (BLE) 


Thank You 





